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FOREWORD 


This  work  is  a  continuation  of  a  project  whose  first  two  parts  were 
reported  in  a  document  entitled,  "The  One -on- One  Stochastic  Duel:  Farts  I 
and  II,"  a  U.  S.  Army  Research  Office  Interim  Technical  Report  under 
Contract  Number  DAAG  29-78-C-0012,  dated  15  April  1979* 

The  first  report  contained,  among  other  things,  a  bibliography  of  all 
research  materials  on  this  subject,  known  to  the  author.  This  report 
summarizes  the  results  contained  in  the  papers  in  the  prior  bibliography. 
The  results  are  given  in  a  common  notation  and  systematically  organized  (to 
aid  in  locating  a  desired  result)  in  a  comprehensive  compendium. 

This  work  completes  the  project.  The  prior  issue  and  this  volume 
should  be  viewed  as  a  single  work  and  consulted  simultaneously. 

Immediately  preceding  this  foreward  is  a  page  which  should  be  inserted 
in  "Bart  II  -  An  Annotated  Bibliography,"  immediately  following  page  B-ll. 

The  author  would  be  grateful  to  learn  of  any  inadvertent  mistakes, 
omissions,  or  other  terrors  which  may  have  oc cured. 
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1.  WORD  AflS  PHRASE  DEFINITIONS 

Burst  -  A  group  of  rounds  fired  consecutively  in  a  cluster. 

The  groups  are  separated  in  same  systematic  manner. 
Usually  refers  to  automatic  weapon  fire  vhere  time 
between  rounds  in  a  group  may  be  taken  as  a 
consta: t 

Fundamental  Marksman  -  Refers  to  the  basic  one- on- ter o  (or  Marksman  versus 

a  passive  target)  problem.  The  marksman  fires  at 
his  target  until  he  gets  a  hit  which  terminates  the 
process.  The  time  between  rounds  (interfiring 
times)  is  either  a  specified  constant  or  a  speci¬ 
fied  random  variable  and  is  the  same  from  round  to 
round.  On  each  round  fired,  he  may  hit  his  target 
with  a  specified  probability  which  is  the  same  from 
round  to  round.  The  interfiring  times  and  hit  prob¬ 
abilities  are  independent  from  round  to  round.  He 
starts  at  time  zero  with  unlimited  ammunition  and 
unlimited  time  to  fire  and  fires  his  first  round  at 
the  next  firing  time. 


Fundamental  Duel 


-  Two  fundamental  marksman  (see  definition  above)  fire 
at  each  other  as  targets  until  the  first  hits,  which 


terminates  the  process  in  a  win  for  the  successful 
contestant. 

A  firing  mode  in  which  a  number  of  weapons  are  fired 
in  sequence  at  a  constant  interval. 

A  firing  mode  in  which  a  number  of  weapons  are 
fired  simultaneously. 


2.  ERGLKH  ALPHABET 


A  -  one  of  the  two  contestants  in  the  duel,  usually  used  as  a 

subscript 

-  event,  a  kill  by  A 

a  -  the  factor  a ,  when  a^A^  reduces  to  a/b  (ratio  of 

relatively  prime  integers) 

•  time  between  rounds  in  a  burst 

-  arbitrary  constant 

a^  -  A’s  fixed  Interfiring  time  is  rational) 

AB  -  event,  neither  A  nor  B  wins  the  duel  (i»e.,  a  draw  occurs) 

B  -  on  j  of  the  two  contestants  in  the  duel,,  usually  used  as  a 

iubscript 

-  evr.,t,  a  kill  by  B 

b  -  the  factor  b,  when  a^/b^  reduces  to  a A  (ratio  of 

relatively  prime  integers) 

-  arbitrary  constant 

b^  -  B's  fixed  interfiring  time  (a^A2  is  rational) 

C  -  arbitrary  constant 

-  function  of  constants 

CRIFT  -  Continuous  Random  Interfiring  Times 

CRV  -  Continuous  Random  Variable 

c  -  superscript  denoting  complementary 

c^  -  constants 


v 


cdf  -  complementary  distribution  function  ^  /**  f (x)dx , 

by  superscript  r,  i.e.,  Fc 
cf  ’  -  characteriatic  function  -  J*m  e^u*  f(t)dt 

crv  -  continuous  random  variable 

B  -  rv,  damage  inflicted  by  a  single  round 

d  »  value  of  D 

-  P[  round  in  volley  kills  |  volley  hits]  (fixed) 

df  -  distribution  function  -  /*  f(x)dx  “  F  (t) 

*  x 

E*  -  the  J-th  event  for  A  or  M 

-  the  J-th  state  of  A  or  M 

-  the  killed  state 

E0  “  'the  acquisition  state  (available  as  a  target) 

E[X]  -  expectation  of  the  rv ,  X 

Erlang(k  ;r)  -  a  rv  with  pdf 

»  X  >  O,  k  -  1, 


-  0 


and  with  cf  4g(u) 


(r*>* 

(rX  -  iu)k 


elsewhere 


Fj  -  the  J-th  event  for  B 

-  the  J-th  state  of  B 
Fx(t)  -  df  of  any  rv ,  X 


denoted 


/i 


#♦> 

FD 

FIFT 

FM 

fA(x) 

fB(x) 

fX(x) 

G^.(z) 
G^z  ,  w) 
«(t) 
gA(t) 

«AI(t) 

*B(t) 

«0(t) 

H 

Hi 

H 


-  cdf  of  any  rv ,  X 

.  the  Fundamental  Duel  problem  (defined  on  page  ill) 

-  Fixed  Interfiring  Times 

-  The  Fundamental  Marksman  problem  (defined  on  page  iii) 

-  pdf  of  rv  i  XA 

-  pdf  of  rv,  Xg 

-  pef  of  any  given  rv  X  ,  e.g.,  specifically,  the  rv's 


-  one-variable  geometric  transform  of  rv ,  X,  (z-transform) 

-  two-variable  geometric  transform  of  rv,  X  .  (zw- transform) 

-  pdf  of  rv, 

-  pdf  of  rv  ,  TD  |  A 

-  pdf  of  rv,  TD|  ^ 

-pdf  of  rv,  Tdjb 

-  improper  pdf  of  rv ,  Tq 

-  geometric  transform  ^  ^  f  (n)zn ,  also  sometimes  called 

the  z-transform;  and  if  f(n)  are  elements  of  a  pmf, 
sometimes  called  a  probability  generating  function 

-  event,  a  hit 

-  event,  a  hit  on  the  i-th  round  fired 

-  event,  no  hit 


vii 


-  event,  failure  to  hit  an  i-th  round  fired 


K(t) 

-  df 

of 

rv. 

T 

HC(t) 

-  cdf 

of 

rv, 

tm 

h(t) 

-  pdf 

of 

rv, 

tm 

hA(t> 

-  pdf 

of 

rv, 

ta 

V‘> 

-  pdf 

of 

rv. 

tb 

hAl(t) 

-  pdf 

of 

rv  , 

^A,H  (8Mie  M 

hA(t> 

if  no  limitations) 

-  pdf 

of 

rv, 

Tg  H  (same  as 

hjtt) 

if  no  limitations) 

V‘> 

-  Pdf 

of 

rv. 

TM  |  H 

hgU) 

-  pdf 

of 

rv, 

TM  |  H 

-  Pdf 

of 

rv. 

tk 

h0(t) 

-  pdf 

of 

rv. 

tm,h 

hl(t) 

•  pdf 

of 

rv. 

^M,H  ^same  aB 

h(t) 

if  no  limitations ) 

h°(t) 

-  improper 

Pdf 

of  rv ,  Tg 

hi(t) 

-  Improper 

Pdf 

of  rv ,  Tg 

I 

-  rv , 

initial  number  of  rounds 

A  or 

M  has 

-  also. 

,  same  as 

above,  fixed 

I  -  aet  of  positive  integers 

Ix(m,n)  -  the  Incomplete  Beta  Function  Ratio 

6  T$rr$  'ox  -  o”-1  «| 

-  X-  (l-x)n  (  a  +  J  -  1  )xk 

k-0  * 
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IFT 


-  Interfiring  Time 

-  imaginary  number 

-  an  arbitrary  constant 
.  a  summation  index 

-  independent,  identically  distributed  (used  in  reference  to 
two  or  more  rv's) 

-  rv  ,  initial  number  of  rounds  E  has 

-  also,  same  as  above,  fixed 

-  value  of  J 

.  a  summation  index 

-  event,  a  kill 

-  rv ,  round  number  on  which  A  or  M  has  a  failure 

-  event,  no  kill 

-  values  of  rv ,  K 

-  an  arbitrary  constant 

-  a  summation  index 

-  P[A  kills  l  a  near  miss  by  A] 

-  arbitrary  constants 

-  rv ,  round  number  on  which  E  has  a  failure 

-  Laplace  Transform  *  /J*  e-8*  f(t)dt 

-  value  of  rv ,  L 

-  arbitrary  constant 


M 


mift 

RLE 


mgf 

N 

N(H ,  v  ) 
n 


”0 

ned 


-  symbol  denoting  the  marksman 

-  rv ,  initial  supply  of  weapons 
.  a  constant  *  a  +  b 

•  Mixed  Interfiring  Times,  i.e .,  one  side  with  DT  a  rv,  the 
other  side  IFT  constant 
.  Maximum  Likelihood  Estimate 

-  value  of  rv  ,  M 

-  fixed  number  of  initial  weapons 

-  a  constant  ■  [e./b] 

-  number  of  states  in  a  Markov  firing  process 

-  an  arbitrary  constant 

-  moment  generating  function,  defined  as  the  same  as  the  Laplace 
Transform  with  s  (in  LT)  replaced  by  -  s 

-  rv ,  total  number  of  rounds  fired 

-  an  arbitrary  constant 

2 

-  a  noi-ally  distributed  rv  with  mean  M-,  and  variance  a 

-  value  of  rv ,  N 

-  an  arbitrary  constant 

-  a  summation  index 

-  an  arbitrary,  :'ixed,  round  number 

-  a  constant  ^  [ib/a] 

-  negative  exponential  rv  with  pdf 

fx(x)  «re"rx,  x,r  >0 
■  0  ,  elsewhere 

x 


with  cf  4^(u)  «r/(r-iu) 

P(e)  or  P[E]  -  probability  of  the  event,  E 
P(A)f  -  P(A)  for  the  fundamental  duel 

P(A)y  -  P(A)  for  the  unlimited  (fundamental)  duel  with  ned  IFT'b 


P 


pAn 

Pa 

PiJ 

P* 

P0 

P1 

pdf 

Pgf 


pmf 

p(t) 

p(x) 

iy(x) 


for  XA  and 

hit  probability,  constant  on  each  round  fired 
constant  *  P[H^] 

P[hit  by  A  cn  n-th  round  |  n-th  round  fired] 
probability  of  acquiring  the  target 
Ptgoing  from  state  E^  to  state  Ej] 

P[of  being  in  state  E^  initially] 

P[K  on  next  round  |  H  on  last  round] 

P[hit  on  n-th  round  |  n-th  round  is  fired] 
rlHj  |  H^l 

first  round  hit  probability 

i  ®i.i’ 

probability  density  function,  e.g.,  fx(x) 

probability  generating  function  (sometimes  called  geometric 

transform,  or  s-transform) 

probability  mass  function,  e.g.,  p^x) 

hit  probability  (as  a  function  of  time  since  start) 

hit  probability  (as  a  function  of  time  since  last  firing) 

pmf  of  the  rv ,  X 


xi 


q 

q(t ) 
q(x) 


E 


r 


rv 

r(t) 


« 

s 

T 


*b 


-  miss  probability  ■  1-p  (also,  for  all  the  subscripted  p's 
above) 

-  miss  probability  as  a  function  of  time  since  start  *  l-p(t) 

-  miss  probability  as  a  function  of  time  since  last  firing  * 

1-  p(x) 

-  rv ,  number  of  hits  to  a  kill  (used  where  more  than  one  hit  is 
required  to  kill) 

-  same  as  above,  except  a  fixed  value 

-  value  of  rv ,  B 

-  rate  of  fire  «  E[X) 

-  random  variable 

-  rate  of  fire  (as  a  function  of  time)  for  non-s tat ionary 
Poisson  process 

-  remainder  when  a  is  divided  by  b  *  a-b[a/b]  ,  0  <  R  <  b 

-  probability  of  a  near  miss 

-  rv ,  marksman's  time  to  a  firing  (any  number  of  previous 
firings ) 

-  rv,  marksman's  time  between  bursts  (only  when  firing  in 
bursts ) 

-  rv,  A's  time  to  a  kill  (unopposed) 

-  rv,  A's  time  to  a  kill  (unopposed)  -  used  in  situations  where 
A  can  run  out  of  time  or  ammunition,  etc. 

-  rv  ,  B's  time  to  a  kill  (unopposed) 

-  rv,  time  since  beginning  of  either  duel  or  marksman's  firing 


xii 


TB,h  "  {similar  to  T^) 


Tc  -  rv ,  time  during  vhich  marksman  is  in  contact  and  firing 

-  rv,  time  since  start  of  the  duel  and  opponents  are  in  contact 
and  firing 

Tg  -  rv,  time  during  which  marksman  is  not  in  contact  (not  firing), 

or  may  not  he  a  target 

-  rv  ,  time  since  start  of  the  duel  and  opponents  are  not  in 


t, 

••  I 

i 


contact  (not  firing) 

Tp  -  rv ,  time-duration  of  the  duel 

Td  |  A  "  rv  >  time-duration  of  the  duel,  given  A  wins 

I  AB  “  rv »  time-duration  of  the  duel  given  a  draw  occurs 


T  -  rv  ,  time  to  end  of  marksman's  firing,  and  a  hit 

MjH 

Tm  |  g  -  rv,  time  to  end  of  marksman's  firing,  given  no  hit 

T.,  -  -  rv,  time  to  end  of  marksman's  firing,  and  no  hit 

Tq  -  rv ,  time  to  an  event  in  the  duel  with  no  kill 

T  -  rv,  time  to  fire  R  hits 

R 

Tc  -  rv ,  sighting  time,  i.e.,  time  during  which  A  fires  and  fcr 

some  specified  reason  B  does  not  (e.g>,  A  is  concealed); 

(negative  values  mean  that  B  has  the  advantage) 

-  rv ,  time  until  next  supply  replenishment  of  ammunition 

t  -  time,  values  of  the  various  nr's  above 

t«  -  fixed  time  to  go  from  state  E.  to  an^  other  state 

tg  -  value  of  rv  Tg 

-  fixed  sighting  time 

U(x)  -  unit  step  function  ■  1 ,  x  >  0 

-  0,  x  <  0 

u  -  transforms  variable  in  cf 

-  p[Hi  I  si.i’ 

V[X]  -  variance  of  rv ,  X 

v  -  probability  of  a  weapon  failure 

-  fixed  number  of  rounds  fired  in  a  volley  by  A 

-  velocity 

w  -  transform  variable  in  cf 

-  fixed  number  of  rounds  fired  in  a  volley  by  B 

-  variable  of  integration 


xiv 


X 

-  rv , 

Interfiring  time  for 

M 

XA 

-  rv. 

interfiring  time  for 

A 

*8 

-  rv. 

Interfiring  time  for 

B 

XC 

-  rv. 

time  In  contact 

x5 

-  rv. 

time  not  in  contact 

Xs 

-  rv. 

searching  time 

X 

-  value 

of  the  rv  X 

•  an  arbitrary  constant 

[xj]  -  a  constant  ■  [(j  +  l)(»/b)3 

Y  -  discrete  rv ,  number  of  rounds  A  fires  before  B 

acquires  A  (initial  surprise) 

-  rv,  time  since  last  event  (backwards  recurrence  time) 
y  -  value  of ,  rv  ,  Y 

«  an  arbitrary  constant 

yc  -  time  since  the  event,  the  last  contact 

yg  -  time  since  the  event,  last  lost  contact 

ya  -  time  since  the  event,  last  searching  period  started 

B 

z  -  constant,  number  of  rounds  in  a  burst 

•  transform  variable  for  gt 

2.  GREEK  ALPHABET 

Q  -  arbitrary  constant 

&  -  arbitrary  constant 


xv 


(y-l)J  (if  yel+) 


r(y)  -  The  Gcunma  Function 


y  -  arbitrary  constant 

7(x,y )  -  The  Incomplete  Gamma  Function 

t  J*  8y.-6d£ 

A  -  increment,  e.g.,  At  ■  increment  of  variable  t 

b(x-a)  -  Dirac  Delta  Function 

e  -  arbitrary  constant 

£  -  arbitrary  constant 

t)  -  arbitrary  constant 


e(u) 

-  cf 

of 

fT  (t) 
al 

®C(u) 

-  cf 

of 

fT  (t) 
c 

®l(u) 

-  cf 

of 

h^t) 

®R(u) 

-  cf 

of 

fT  (t) 
aR 

®S{u) 

-  cf 

of 

fT  (t) 
As 

®o(u) 

-  cf 

of 

h°(t) 

Xn  -  n-th  cumulant  of  hjj(t) 

Kn  -  n-th  cumulant  of  fx(x) 

^  -  cycle  time  in  fixed  IFT  duels  *  a^b  -  ab^ 

-  arbitrary  constant 
•  characteristic  value 


xvi 


this  1b 


and  also 


fx(y) 


■  My)  e 


-/£  MOdt 


E[X] 

n-th  moment  of  gA(t)  about  the  origin 
n-th  moment  of  g^Ct)  about  the  origin 
n-th  moment  of  hjj(t)  about  the  origin 
n-th  moment  of  h^(t )  about  the  origin 
summation  index 
variable  of  integration 
summation  index 

fixed  time  interval  between  bursts 
corr  ,  Hi_1] 
arbitrary  constant 
?[A  scores  a  near  miss] 

P[hit  by  A  on  the  n-th  round,  n-th  round  fired] 

P[hit  by  marksman  on  n-th  round ,  n-th  round  fired] 

V[X] 

arbitrary  time  constant,  e.g.,  fixed  time  limit  for  duration 
of  duel  or  marksman's  firing 
variable  of  integration 
cf  of  h(t) 


V“> 

-  cf 

of 

V‘> 

Vu) 

-  cf 

of 

>Al(t) 

Vtt) 

-  cf 

of 

»0M 

-  cf 

of 

*!<*> 

-  cf 

of 

to^Ct) 

4>(u) 

-  cf 

of 

fx(x) 

Vu> 

-  cf 

of 

fT  (t) 
aF 

*0(u) 

-  cf 

of 

fm  (t) 

ag 

*A(u) 

-  cf 

of 

gA(t) 

Wu) 

-  cf 

of 

gAB(t) 

*n(u> 

-  cf 

of 

Vt) 

*oM 

-  cf 

of 

«o(t) 

*(u,y) 

-  Jointly 

,  the  pdf  of  the  time  since  the  last  event 

and  the  cf  of  the  DF  cf  the  time  since  the  commencement 
of  marksman’s  firing  (or  the  duel) 


n(u) 

-  cf  of  q(t) 

-  cf  of  q(x) 

u 

-  variable  of  Integration 

4.  MATRIX  AND  VECTCB  NOTATION 

A  -  m  X  n  matrix  with  components  a. . 

•»  ij 

T 

A  -A  transpose 

A~^  -  A  inverse 
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-  <“il  *32  ***  *ln  *  *21  *22  ***  *2n'  Si  V  **’  Sn)T' 

a  column  vector  of  an  components  from  the  A  matrix.  H«b., 
if  A  is  known  (A)V  may  be  written  down  and  vice  versa 

M  as 

-  Krone eke r  product,  i.e.,  a  matrix  whose  ij-th  component  is 


-  m  component  column  vector 

-  a  transpose,  a  row  vector 

•  an  u  x  n  diagonal  matrix, 


•  (l,l, •*•,!),  n  component,  row  vector  of  all  ones 


•  the  exponential  matrix , 


A  /  I  A  Pl  A4 

*  { of ♦  it  +  zt  +  -  *  it  *  ••• ; 


-  identity  matrix  of  appropriate  size 

-  initial  state  probability  vector  ^  (Pq^Pj^i •  •  *»Pm) 

-  a  vector  of  appropriate  size  ^  (1,0, ...,o) 

-  a  vector  of  appropriate  size  ^  (0,0, ..«,l) 


xix 


p 


-  stochastic  suboatrix  of  S  for  transit ions  from  transient 

A* 

to  transient  states 

-  a  vector  *  (l-PjpIO) 

-  a  stochastic  subvector  of  &  (l  -  p  ,  p) 

-  interfiring  time  vector  ■  (tQ,t^, ...,tB_^) 

-  state  transition  matrix 

-  stochastic  subvector  of  S  for  transitions  from  transient 

A* 

states  to  kill  state 

-  characteristic  value  vector  ^  ) 


5.  OTHER  MATHEMATICAL  NOTATION 


■  -  is  approximately  equal  to 

■  -  is  defined  to  be  equal  to 

*  -  convolution  operation  -  /*  f(t-  i)  f(t)dt  ■  f(t)  *  f(t) 

j*  -  number  of  iterated  convolutions  of  a  function  with  itself, 

e.g.,  f(t)  *  f(t)  *  f(t)  - 
-  -is  distributed  as 

fx]  -  largest  Integer  less  than  or  equal  to  x 

(x)  -  max  (largest  integer  less  than  x,  0) 

(  “  )  -  binomial  coefficient  ^  —f  i 

n  n.im  ~  nj: 

-  when  placed  over  a  symbol,  denotes  its  w*.y<wnim  likelihood 

estimate,  e.g.,  p  -  MLE  of  p 
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*1 


0(  At  ) 
f(n)(x) 


-  symbol  for  conditionality,  e.g.,  A  |  B  Mans  the  event  A , 
given  the  event  B 

-  symbol  meaning  implies  that,  e.g.,  A  ■*  B  means  that  A 
implies  B 

-  order  of  At  lim  ■  0 

At-0  At 

.  aP(f(«» 

a*n 

-  means  evaluated  at  x  -  0,  e.g.,  f(x)lx.0  “ 


(P)  J  -  the  Cauchy  principal  value  of  an  improper  integral 

JL  -  same  as  L*-  he  %rtiere  E  finite  but  less  than  the 

distance  to  the  nearest  singularity  in  the  lower-half  of  the 
complex  plane}  this  integration  may  be  around  any  of  the 
contours  in  the  lower-half  of  the  complex  plane  shown,  as 
appropriate  or  convenient,  and  as  R  ~J»  «• 


the  integral  on  C  must  ->  0  as  R  ->  •;  the  first 
path  is  only  useful  if  there  is  no  singularity  on  the  real 
line 

r  ,« H-iE 

/y  -  same  as  vbere  E  finite  but  less  than  the 

distance  to  the  nearest  singularity  in  the  upper-half  of  the 


xxl 


complex  plane;  the  integration  may  be  around  any  of  the  contour* 
in  the  upper-half  of  the  complex  plane  ah  own,  as  appropriate  or 
convenient  i  and  as  R 


the  integral  on  C  must  0  as  R  ->  m ;  the  first  path 
is  only  useful  if  there  is  no  singularity  on  the  real  line 


I 


s 


PART  III  -  A  COMPREHENSIVE  COMPENDIUM 
OP  RESULTS 


TABLE  OF  CONTENTS 


hes. 

FOREWORD .  ii 

LIST  OF  SYMBOLS,  NOTATION  AND  DEFINITIONS . iii 

1.  Word  and  Rirase  Definitions  .  . . ill 

2 .  English  Alphabet . . . . .  v 

5.  Greek  Alphabet  .  .  .  . .  xv 

4.  Matrix  and  Vector  Notation  . . xviii 

5.  Other  Mathematical  Notation . xx 

PART  III  -  A  COMPREHENSIVE  COMPENDIUM  OF  RESULTS .  Ci 

TABLE  OF  CONTENTS . Cii 

INTRODUCTION . Cl 

THE  FUNDAMENTAL  MARKSMAN  PROBLEM  -  FIXED  INTERFIRING  TIMES  (FM-FIFT).  .  C2 

I.  FM  -  FIFT . C? 

II.  LIMITED  AMMUNITION . 03 

A.  I  A  RV . C5 

B.  FIXED  SUPPLY . CU 

C.  I  EITHER  A  RV  OR  A  CONSTANT . C5 

III.  LIMITED  TIME  DURATION . C5 

A.  Tt  A  PV  WITH  pdf  f- . C5 

L  TL 

B.  Tt  A  CONSTANT . C5 

h 

C.  Tt  EITHER  A  RV  OR  A  CONSTANT . C6 

Jmi 

IV.  TIME-OF-FLIGHT  INCLUDED . C6 

V.  MARKOV-DEPENDENT  FIRE . C7 

A.  a  ■  3 . C8 

Cii 


B.  m  «  3  (SAME  AS  A)  DIFFERENT  APiRQACH . C13 

C.  MLE  ESTIMATION  OF  p, ,  u,  AND  p . C15 

D.  FIFT . Cl6 

E.  BURST-FIRING . . . Cl6 

VI.  MISCELLANEOUS  RESULTS . Cl6 

THE  FUNDAMENTAL  MARKSMAN  PROBLEN  -  CONTINUOUS  RANDOM  INTERFIRING  TIMES 
(FM  -  CRIFT) . . 019 

I.  FM  -  CRIFT . CEO 

II.  MULTIPLE  HITS  TO  A  KILL . CZ3 

A.  R  HITS  TO  A  KILL  -  R  FIXED . C2  3 

B.  R  HITS  TO  A  KILL  -  R  A  RV . C2h 

C.  LIMITED  AMMUNITION  -  R  HITS  TO  A  KILL  (R  FIXED) . CZk 

D.  LIMITED  AMMUNITION  -  R  HITS  TO  A  KILL  (R  A  RV) . C25 

E.  DAMAGE . C26 

1.  Damage  as  a  Function  of  Round  Number  . . C26 

a.  D  la  Discrete . C2  7 

b.  D  is  Continuous . 027 

2.  Damage  is  Time-Homogeneous . C28 

3.  Damage  is  a  Function  of  Rouud  Number  and  ia  Time- 

Dependent  . .029 


IIIc  ROUND- DEPENDENT  HIT  PROBABILITIES . C30 

A.  UNLIMITED  AMMUNITION . C30 

B.  LIMITED  AMMUNITION  . . 03^ 

X.  Fixed  Supply  of  k  Rounds . CJb 

2.  Ammunition  Supply  a  rv . > . CJb 


IV.  TIME-DEPENDENT  HIT  PROBABILITIES 


,i,upiipii  imi  j  a  jiww 


Page 


A.  p  A  FUNCTION  OP  TI  SINCE  START . CJ5 

B.  p  A  FUNCTION  OF  TIMl  5 INCE  LAST  FIRING . CJ8 

V.  LIMITED  AMMUNITION . C39 

A.  AMMUNITION  SUPPLY  A  RV  . C39 

B.  AMMUNITION  SUPPLY  FIXED  . C4l 

VI.  RELIABILITY . CUU 

A.  CONSTANT  PROBABILITY  OF  FAILURE  ON  EACH  ROUND . C44 

B.  ROUND  NUMBER  ON  WHICH  FAILURE  OCCURS  IS  A  DISCRETE  RV  ....  C^5 

VII.  LIMITED  TIME-DURATION . . . C46 

A.  I  A  FV  .  .  .  . . C46 

B.  Tl  A  CONSTANT  (t) . C48 

VIII.  INTERRUPTED  FIRING  .  C^9 

A.  LIMITED  AMMUNITION  -  FIXED  AT  k  ROUNDS . C49 

B.  AMMUNITION  LIMITATION  A  RV . C50 

C.  UNLIMITED  AMMUNITION . C50 

D.  UNLIMITED  AMMUNITION,  EXCEPT  FIRING  CONTINUOUS  FOR  AN  UNLIMITED 

NUMBER  OF  HITS . C51 

IX.  TIME-QF-FLIGHT  INCLUDED . C53 

A.  NO  DELAY  BETWEEN  ROUNDS  FIRED . Cfk 

B.  DELAY  BETWEEN  ROUNDS  FIRED  .  C55 

C.  LIMITED  AMMUNITION  -  RANDOM  INDEPENDENT  AMMUNITION  RESUPPLY; 

DELAY  PROCEDURE  (iFT  AND  TOF  ALTERNATE) . C56 

X.  BURST  FIRING . C58 

XI.  MULTIPLE  WEAPONS . .  .  .  .  C59 

A.  FIRED  IN  VOLLEYS  OF  v  ROUNDS  EACH . C59 

B.  FIRED  IN  VOLLEYS  OF  v  ROUNDS  EACH  WITH  LIMITED  AMMUNITION  .  .  C60 


Civ 


C.  MULTIPLE  WEAPONS  -  USED  SIMULTANEOUSLY  . . C6l 

D.  MULTIPLE  WEAPONS  -  USED  ALTERNATELY . C6l 

E.  MULTIPLE  WEAPONS  -  USED  CONSECUTIVELY  -  EACH  USED  UNTIL 

FAILURE . . 

1*  Marksman  Has  k  Rounds  Initially  (Ammunition  Limita¬ 
tion)  and  m  Weapons . C62 

2.  Unlimited  Ammunition,  Random  Initial  Supply  of 

Weapons . .  ..  c63 

3  ‘  Unlimited  Ammunition,  Fixed  Initial  Supply  of 

Weapons  ............  . 

XII.  MARKOV- DEPENDENT  FIRE  . . 

A.  POSITIVELY  CORRELATED  FIRE . c6k 

B.  IFT’S  ned  .  . . C66 

C.  MULTIPLE  WEAPONS:  TWO  WEAPONS  FIRED  IN  RANDOM  MARKOV- 

DEPENDENT  ORDER . . 

XIII.  MISCELLANEOUS  RESULTS . . 

THE  FUNDAMENTAL  DUEL  -  FIXED  INTERFIRING  TIMES  (FD  -  FIFT) . C70 

I.  FD  -  FIFT . . . . 

II.  VARIATIONS  OF  INITIAL  CONDITIONS  -  INITIAL  SURPRISE  .  C75 

III.  MULTIPLE  HITS  TO  A  KILL . . 

IV.  LIMITED  AMMUNITION . . 

A.  AMMUNITION  SUPPLY  A  RV . . 

B.  FIXED  AMMUNITION  SUPPLY . C82 

V.  TIME-LIMITATION . cg5 

A.  TIME- LIMIT  A  RV  C86 

B.  FIXED  TIME  LIMIT  ••••••«»»».».»,....,,,  C87 

VI.  INTERRUPTED  FIRING  -  DISPLACEMENTS . C92 

Cv 

- - - -  ■  - - - - , 


Page 


A.  XA  “  Xg  -  C  (SOME  CONSTANT) . C92 

B.  X,  «  X  -  C  (A  CONSTANT),  t  <  C . C93 

A  £  0 

VII.  TIME- QF-FLIGHT  INCLUDED  .  C96 

A.  NO  DELAY . C9 6 

B.  DUEL  WITH  DELAY . C97 

VIII.  MARKOV-DEPENDENT  FIRE . C97 

A.  FD  -  FIFT . C99 

B.  INITIAL  SURPRISE  BY  A  . . C99 


1.  A  Fires  y  (a  Fixed  Number)  Rounds  Before  B  If 

Alerted  and  FD  Begins,  y  ■  1,2,..., . C99 

2.  A  Fires  Y  (a  rv)  Rounds  Before  B  Starts  FD  .  C100 


C.  BURST  FIRING . C101 

1.  Initial  Condition;  Both  Start  at  Time  Zero,  A  Fa  Its  a 
Time  Units  to  lire  First  Round;  B  Waits  b  Ti’.'.oe  Units 

to  Fire  First  Round  .  . . C102 

2.  Initial  Conditions  Are  A  FireB  y  (Fixed  Number) 

Rounds  Before  B  Begins  (initial  Surprise) . CIO 5 

3«  Initial  Conditions  are  A  Fires  Y  (A  RV)  Rounds 

Before  B  Begins  (Random  Surprise)  .  C10U 

THE  FUNDAMENTAL  DUEL  -  CONTINUOUS  RANDOM  INTERFIRING  TIMES  (FD  -  CRIFT).  C106 

I.  FD  -  CRIFT . C107 

II.  VARIATIONS  OF  INITIAL  CONDTIONS . Cll6 

A.  THE  CLASSICAL  DUEL . Cll6 

B.  THE  DUEL  WITH  EQUAL  INITIAL  SURPRISE  (TACTICAL  EQUITY)  .  ,  C116  * 

C.  THE  DUEL  WITH  UNEQUAL  SURPRISE . C119 

D.  TACTICAL  EQUITY  WITH  INITIALLY  LOADED  WEAPONS  .......  C120 

E.  RANDOM  INITIAL  SURPRISE . 0120 

* 


Cvi 


Page 

III.  MULTIPLE  HITS  TO  A  KILL . C126 

A.  FIXED  NUMBER  QF  HITS  TO  A  KILL . C 226 

B.  Ba  AND  Rg  ARE  RV'S . C128 

C.  Ra,  Hj  PIXEL  j  LIMITED  AMMUNITION . C129 

D.  R/;  AND  R£  ARE  RV'S;  LIMITED  AMMUNITION . C131 

E.  DAMAGE . C1J2 

1.  Damage  As  A  Function  of  Round  Number  .........  C132 

2.  Damage  is  Time  Homogeneous . C133 

IV.  ROUND-DEPENDENT  HIT  PROBABILITIES . C13L 

A.  UNLIMITED  AMMUNITION . C134 

L.  LIMITED  AMMUNITION . ClM 

1.  General  IFT's . Cl4l 

a.  Fixed  Ammunition  Supply,  k  for  A  and  l  for 

B . ClUl 

b.  Ammunition  Supply  a  . . C151 

2.  ned  IFT's . C152 

a.  Both  Have  Ammunition  Limitation,  A  Has  k  Rounds, 

B  Has  Unlimited  Ammunition  . . Cl 52 

b.  Only  A  Has  Limited  Ammunition;  A  Has  k  rounds, 

B  Has  Unlimited  Ammunition . C153 

c.  Both  Have  Unlimited  Ammunition  ..........  Cl 5^ 

V.  TIME-DEPENDENT  HIT  PROBABILITY . C155 

A.  GENERAL  IFT’S . C155 

B.  IFT’S  ned . C157 

C.  IFT'S  NON  STATIONARY  POISSON . C157 

D.  HIT  PROBABILITY  A  FUNCTION  OF  IFT  . . CI58 

VI.  LIMITED  AMMUNITION . C159 

A.  AMMUNITION  SUPPLY  A  RV . C159 


Cvii 


Page 


B.  FIXED  AMMUNITION  SUPPLY . .  Cl67 

C.  WITHDRAWAL . C170 


VII.  WEAPON  FAILURE  (RELIABILITY)  -  DEPENDS  ON  NUMBER  OF  FIRINGS  .  .  C172 


A.  NO  WITHDRAWAL . . . C172 

1.  Failures  Are  Detected  on  Same  Round  on  Which  They 

Occur . C172 

2 .  Failures  Are  Detected  an  Next  Round  Aft^r  Fullnre 

Occurs . C172 

B.  WITHDRAWAL  AFTER  FAILURE . ,  .  .  .  .  C173 

1.  Failures  Are  Detected  on  Same  Round  on  Which  ?hey 

Occur  . . .  .  . . C173 

2 .  Failures  Are  Detected  on  Next  Round  Attempted  After 

Failure  Occurs . C173 

a.  Failure  Probability  a  Constant  on  Eatsh  Round  .  .  .  C173 

b.  Failure  a  RV  (Function  of  Round  Number) . C175 

VIII.  LIMITED  TIME-DURATION . C176 


A.  TIME  LIMIT  A  RV  . . C176 

B.  FIXED  TIME  LIMIT . Cl80 

IX.  TIME-RELIABILITY  OF  WEAPONS . . . Cl86 

A.  NO  WITHDRAWAL . Cl86 

B.  WITHDRAWAL . Cl87 

1.  When  a  Contestant's  Weapon  Fails  He  Immediately  With¬ 
draws  and  the  Duel  Ends  in  a  Draw  . . Cl87 


2.  When  a  Contestant's  Weapon  Fails  He  Withdraws  When  He 


Next  Tries  to  Fire  and  Discovers  a  Failure  .  CI89 

X.  LIMITED  TIME- DURATION  AND  LIMITED-AMMUNITION  SUPPLY . C190 

XI.  INTERRUPTED  FIRING . * . . C192 

A.  FIRING  WITH  WEAPONS  WHICH  FAIL  AND  CAN  BE  REPAIRED 

(REPLACED) . . . C192 


Cviii 


- 1 


r 


XII. 


ff  v- 
y.  •>*» 


s 


XIII. 


XIV. 


Pt£e 


1.  Fixed  Ammunition  Limitation . C193 

2.  Aomunit  ion-  Limitation  it  a  rv  . CL 95 

B.  BOTH  SIDES  OUT  OF  CONTACT  PERIODICALLY . C195 

1.  Three-State  System  .......  .  C195 

2.  Four-State  System  4  .....  * . (200 

3.  Four-State  System  with  Limited  Ammunition . (203 

C.  DISPLACEMENT  (SUPPRESSION) . (206 

T3ME-0F-FLIGHT  INCLUDED  . . (206 


A.,  NO-DELAY  DUEL 


(207 


B. 

C. 

D. 


1.  L  |  T_  rv's  . . . . 

?A  rB 

2.  Ty  *  tA>  *  tb*  ®QF,|B  ^  » ’’’g  Constants  . 

DUEL  WITH  DELAY . . . 

A  MIXED  PROCEDURE . . 

SPECIAL  CASE  WHERE  TIME- CfF-FLIQHT  VARIES  LINEARLY  WITH 


TIME 


(207 

C208 

(209 

(210 

(210 


1.  Linearly  Increasing  Time -of -Flight . .  (211 

2  •  Linearly  Decreasing  Time- of -Flight . .  .  (212 


E.  LIMITED- AMMUNITION,  RANDOM  INDEPENDENT  AMMUNITION  SUPPLY.  .  C213 


BURST  FIRING 


( 214 


A.  TIME  BETWEEN  ROUNDS  IN  A  BURST  IS  A  RV  . . CZlk 

B.  TIME  BETWEEN  ROUNDS  IN  A  BURST  IS  A  CONSTANT . (23.6 


MULTIPLE  WEAPONS . C217 

A.  VOLLEY  FIRE  (ALL  WEAPONS  FIRED  SIMULTANEOUSLY) . (217 

1.  Unlimited  Ammunition . (217 

2.  Limited  Ammunition  . . (219 


Cix 


Page 

B.  MULTIPLE  WEAPONS  -  PIPED  RANDOMLY . C220 

C.  MULTIPLE  WEAPONS  -  FIRED  ALTERNATELY . C221 

D.  MULTIPIE  WEAPONS  -  FIRED  CONSECUTIVELY  UNTIL  FAILURE . 0223 

1.  Ammunition  Limitation . 0223 

2 .  Unlimited  Ansunition  -  Random  Initial  Supply  of  Weapons 

(MA,  Mg) . . 

XV.  MARKOV-DEPENDENT  FIRE . C226 

A.  POSITIVELY  CORRELATED  FIRE . 0226 

B.  IFT'S  ARE  STATE  DEPENDENT  AND  ned  . 0227 

1.  . . 0228 

2.  FD  With  Fixed  Surprise-Time . 02  2  9 

3.  FD  With  Random  Initial  Surprise . .  .  .0229 

C.  CONTESTANT  FIRING-ORDER  AND  IFT'S  ARE  MARKOV-DEPENDENT; 

FD-CRIFT  . C230 

% 

D.  MULTIPLE  WEAPONS . 0231 

FUNDAMENTAL  DUEL  -  MIXED  INTERFIRING  TIMES  (rD-MIFT) . 02  35 


Cx 


INTRODUCTION 


In  this  compendium,  the  notations  in  the  page  margins,  such  as  A  8»W1 , 
refer  to  the  sources  of  the  result.  Riese  sources  are  all  listed  in  the  pre¬ 
ceding  annotated  bibliography.  For  example,  A  &  W1  means  the  first  paper 
in  the  bibliography  by  Ancker  and  Williams . 

An  asterisk  (*)  in  the  margin  means  that  the  result  is  new  and  given 
her'?  for  the  first  time. 

A  double  asterisk  (**)  in  the  margin  means  a  result  for  which  a 
major  error  in  the  original  manuscript  has  been  corrected. 

All  marginal  notations  apply  to  the  result  given  on  the  line  on  which 
the  notation  appears  and  to  all  preceding  results  up  to  the  next  marginal 
notation. 

P(b)  will  usually  be  omitted  as  it  is  easily  derived  from  P(b)  - 

<  •  •  .  • m<  »  •  • e  • 

1  -  P(a)  if  a  draw  is  impossible  or  from  P(b)  -  1  -  P(a)  -  P(AB)  if  a 
draw  is  possible. 
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THE  FUNDAMENTAL  MARKSMAN  PROBLEM  -  FIXED 
INTERFIRING  TIMES 
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B.  FIXED  SUPPLY 


X  ■  a. 


1*  “k*1*  “.-“i-O,  1  ff  k 


p(h)  -  1 


FM  -  FIFT 


P(H)  P(Tm  -  I  H)  -  pq11"1,  n  -  1,2,..., [r/* 
P(H)  h_(t)  -  q^  ^  8(t  -  t) 


-•  FOR  Tl  EITHER  A  RV  OR  A  CONSTANT 


h(t)  -  P(h)  P(Th  -  nax  |  H)  S(t  -  na^  +  P(h)  h_(t) 


Example 


:  Let  fT  (t)  -  |  e’^,  X  «  a  , 
L  “ 


then 


-a./x 


-a,/T 


1  -  qe  * 


’al/T 
1-  e  1 


1  -  qe 


-vT 


P(H)  P(Tm  -  Mj  |  H)  -  £  (,e'‘l/>  , 


P(h)  h  (t) 
H 


[t/a1] 


TIME-  OF- FLIGHT  INCLITDEn 


x  -»! 

Tp  -  rv  time- of- flight 


FM-F3TT 


Tp  *  t ,  a  constant 

PT  (na^)  -  Pjj(n)  »  P[TK  -  na^  -  P(n  ■  n) 
K 

n«l  ,  _ 

*  pq  #  n  ■  1,6  ,  *  • . 


+  “  ptTM  “  na^  +  *r]  -  pqn-1 ,  n  «  1,2,... 


.  MARKOV- DEFENDANT  FIRE 

,  J  •  0,l,2,...,m  states  of  the  system 

Eq  -  acquisition  state  (starting  state,  l.e.,  available  as  a 
target 

-  killed  state  (absorbing) 

Ej  -  other  arbitrary  specified  states  ,  i  }  0,m 
Pj  -  P[being  in  state  E^  initially] 

P^  ■  P[going  from  state  E^  to  E^]  ,  transition  probability 

• ••#Pm„i  !  >Pm)  ■  (|g*  '  Pm)  -  initial  state  vector 

In  what  follows : 

T 

m  «(l,0,0,...,0)  -  m  components 


C7 


FM  -  FIFT 


tj  -  fixed  time  to  go  from  state  to  any  other  state , 

J  ■  Of  1;2 1 . .  •  »m-l 

T  \ 

r  ■  (tQ»t1# ..  .,tjQ^1) ,  interfiring  time  vector  (times  maybe 
different  for  each  state) 

Bal  E[Tj  -  mT(l  -  P)"1  t 

A.  m  »  3 


R  ■  rv  number  of  hits  to  a  kill 

P*  -  PI*  I  H]  ,  qk  -  1  -  Pk 


cfi 


Let 


p^r)  ■  pk  ‘iJt’1*  r  ■ 

■  0  .  elsewhere 


N  *  rv  number  of  round*  to  a  kill 


»  1-st  round  hit  probability,  q^  *  1  - 
p  ■  P[Hj  |  Hw)  ,  4-1-p)  1>2 


u  -  P[Ht  IS^J 


I 


acq 


H 


HK 


acquisition 
(miss)  H 
(hit,  not  killed)  HK 


(kill)  K 


t.a  +  \  ♦  tf 


t  +  t. 
m  f 


th  +  tf 


PH'  /IPT 


see  definitions  below 


%  |  R(n  I  r)  *  Pi  P1"1  > 

r  /  r-1 

P1  Z  (  ) 
1  k-e  \  k  -  1  / 


r-k  k-1  k-1  / 
p  q  u  ^ 


n  -  r  - 1 

k  -  2 


J  ( 1  -  u)n’r-k*1 


1 


r  /  r  “  1  x 


for 


u  / n-r-  1 


R&S1 


FM  -  FXFT 


ZABLE  I 


THE  MARKOV  DEPENDENT  FIRING  DISTRIBUTION:  I(N  |  R  «  fc  +  y) 


p 

u 

Pi 

r 

0.9 

0.1 

0.9 

5 

— 

0.9 

0.1 

0.9 

5 

0.9 

0.5 

0.1 

5 

0.9 

0.5 

0.1 

10 

0.9 

0.5 

0.5 

5 

0.9 

0.5 

0.5 

10 

0.9 

0.5 

0.9 

5 

0.9 

0.5 

0.9 

10 

0.9 

li 

5 

0.9 

0.9 

0.1 

10 

0.9 

0.9 

0.1 

15 

0.9 

0.9 

0.5 

5 

0.9 

0.9 

0.5 

10 

0.9 

0.9 

0.9 

5 

0.9 

0.9 

0.9 

10 

0.9 

0.9 

0.9 

15 

y/» 

4 

34 

4 

9 

4 

9 

4 

9 

4 

9 

14 

4 

9 

4 

9 

14 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

590 
033 
030 
028 
026 
084 
022 
020 
019 
017 
016 
Ol4 
013 
012 
Oil 
010 
oo  9 
009 
008 
007 
007 
006 
006 
005 

005 

004 

004 

004 

003 

003 

003 

003 

002 

002 

002 

002 

002 

002 

001 

001 

001 

001 

001 

001 

066 

3io 

222 

150 

097 

06l 

036 

023 

014 

008 

005 

039 

194 

188 

160 

125 

093 

066 

046 

031 

021 

oi3 

009 

006 

328 

237 

161 

105 

067 

04l 

025 

015 

009 

005 

194 

194 

167 

132 

099 

071 

049 

033 

022 

015 

009 

006 

590 

164 

100 

060 

036 

023 

012 

007 

349 

194 

145 

104 

072 

049 

032 

021 

013 

008 

005 

066 

558 

272 

08l 

019 

039 

349 

331 

179 

071 

023 

023 

217 

302 

235 

131 

059 

022 

007 

328 

426 

180 

051 

Oil 

_ 

194 

349 

262 

128 

048 

015 

590 

295 

089 

021 

349 

349 

192 

077 

025 

206 

309 

247 

l4o 

063 

024 

008 

CIO 


.f.Billfea^.-’iiii )  iliiiiiliM 


’  nJ&iUi&r 


OVO  OD-4  own  rvx  Wp  O  VO  CD -3  Own  H  OVO  CDS  OUfl  -£-Vj«COM 


FM  -  PUT 


TABLE  I  -  (Continued) 

THE  MARKOV  DEPENDENT  FIRING  DISTRIBUTION:  P{N  j  R  -  a  +  y} 


p 

u 

Pi 

r 

0.1 

0.5 

0.1 

5 

0.1 

0.5 

0.1 

10 

0.1 

0.5 

0.9 

5 

0.1 

0.5 

0.9 

10 

0.1 

0.9 

0.1 

5 

0.1 

0.9 

0.1 

10 

0.1 

0.9 

0.1 

15 

0.1 

0.9 

0.5 

5 

0.1 

0.9 

0.5 

15 

0.5 

0.5 

0.1 

5 

0.5 

0.5 

0.1 

10 

0.5 

0.5 

0.5 

5 

0.5 

0.5 

0.5 

10 

0.5 

0.5 

0.9 

10 

0.5 

0.9 

0.1 

5 

0.5 

0.9 

0.1 

10 

0.5 

0.9 

0.9 

5 

0.5 

0.9 

0.9 

10 

0.9 

0.1 

0.1 

5 

0.9 

0.1 

0.1 

5 

y/a 

7 

18 

6 

17 

7 

16 

25 

6 

24 

5 

32 

4 

11 

3.1 

5 

11 

4 

10 

D 

34 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

Oil 

036 

074 

109 

129 

132 

121 

102 

08l 

0(52 

045 

032 

022 

015 

010 

006 

004 

008 

017 

029 

044 

059 

073 

083 

089 

089 

086 

079 

070 

060 

049 

040 

032 

024 

018 

014 

010 

007 

005 

004 

012 

045 

097 

135 

147 

138 

117 

092 

069 

049 

034 

023 

015 

010 

006 

010 

021 

035 

052 

069 

082 

091 

094 

091 

085 

075 

064 

054 

043 

034 

026 

020 

014 

010 

007 

005 

004 

054 

231 

438 

196 

057 

013 

031 

104 

225 

289 

200 

095 

035 

Oil 

017 

053 

121 

199 

229 

182 

109 

052 

021 

007 

021 

328 

349 

326 

129 

035 

009 

032 

083 

158 

216 

210 

149 

082 

037 

015 

04l 

036 

321 

137 

134 

119 

098 

077 

057 

04], 

029 

019 

013 

008 

005 

016 

030 

047 

064 

079 

088 

093 

092 

086 

078 

068 

057 

047 

037 

029 

022 

017 

012 

009 

006 

004 

031 

078 

117 

137 

137 

123 

103 

081 

060 

044 

031 

021 

014 

009 

006 

013 
027 
044 
061 
07 6 
087 
093 
093 
080 
080 
070 
059 
049 
039 
030 
023 
017 
013 
009 
007 
005 
003 

020 

038 

057 

075 

089 

096 

097 

093 

084 

074 

062 

051 

040 

031 

024 

018 

013 

009 

006 

005 

073 

220 

308 

237 

111 

035 

008 

019 

062 

131 

194 

231 

174 

112 

057 

024 

009 

056 

208 

314 

252 

320 

038 

009 

014 

054 

323 

192 

215 

181 

118 

061 

026 

009 

066 

062 

058 

055 

052 

049 

046 

043 

040 

038 

035 

033 

031 

029 

027 

025 

023 

022 

020 

019 

017 

016 

015 

014 

013 

012 

Oil 

010 

009 

009 

FM-F3TT 


n  >  r  +  j,  j  •  1,2,... 

p  +  q  u  z 
(1-  (l-u)*)*'1 

BtxlR]  -  S!,  ■  r  ♦  i  ♦ 

TM  |  R  -  rv  time  to  &  kill,  given  R  «  r 
TM  |  R  -  cx  +  Cg  r  +  Cj[N  j  R] 

diere 

C1  *  ‘a  +  *1  *  \ 

°2  '  'h  -  4m 
tnd 

tft  •  acquisition  time 
t^  *  time- to- fire  first  round 
t^  »  time- to-f ire,  given  last  event  was  a  hit 
tm  *  time-to-fire,  given  last  event  was  a  miss 
tf  »  tirue-cf-flight 


all 

constants 


•j*  w 

ek  ■ ». +  ‘l  -  \ 


S  Ib's'  -  ■’ 


Px  +  qx  us 
1  -  (1  -  ujz 


PM-  TIFT 


E[Tm  I  R]  -  cx  +  c2  r  +  c3  E[N  I  R] 

(p  -  P,)  r 

■  ‘i+'5  h W5>] - 


EtIM]  -  I  EITm  I  S]  ^(r) 
r-1 


cl  + 


(p  - 


pl} 


u 


[ 


°2  +  c,  +  c, 


<t>] 


B*  ?  (saMEJ?°BLEM  AS  a)  DIFFERENT  approach 

gn(z)  .  *  *  tp*  *1  ’  Pr  -  u)  -  p„  Pl(i  -  u)}z2 

l-{(l-u)+pqk}a+  Cp(l-u)qk  +  uq}a2 

-  *1  *  *  **** 
k3  +  kl|  "*  +  K  ^ 


-  h 

a  ■  l 

'  *3-hh 

n  ■  2 

■  h  >S +  ®2  >S  . 

real 

-  <HX  *  %  n)\n  , 

\  ■  *2  ■  x 

real, 

where 

^  ttrri  root*  of 

X  +  k 

5  "° 

2)  ei- 

Pg  are  aolutions  of 

j  ^'iV 

>  p2  >2 

U  *  *iS  ■ 

*A  + 

h  i 

n  >  2 


FM-  FIFT 


or  ■  y  rn  cos  ( n  ©  +  p  ) 
vhen  3)  are  complex  conjugate, 

i.e.,  «  r(cos  ©  +  i  sin  ©),  (determined  from  l) 

above) 

and  4)  7  and  p  are  determined  from 
■  7r  cos  (©  +  p) 

-  7rZ  cos  (2©  +  p)  . 

E  N]  -  - - — 

U*k 


V[N]  -  +  ( 

Pk  \ 


Pk  *1  +  *k  * 


K?'i) 


Jk 

2 

2<lk  /  £  (u  +  p  u.  +  q  q) 

-rh  ( «♦  *)  a- k 

p*u  v  7  Pi" 


Cr  c*>  c,  2c, 

*  t(l  -  2  Z  ?  +  U  2  ^ 


1  -  (l  -  u)z  ?  +  q.  z  [pa  ^(l  -  z  +  u  z 


FM-FIFT 


Cl  5 


IM-  PUT 


R  &  SI 


Ba2 


^  |  R 

(1  -  P,) 

(l  -  p)(r  -  l) 

A 

A 

FIFT 

u 

U 

rT 

*  ^*l,a,l**i*  *  *  *,ai^ 

T 

Sbi  ai  » 

F[N-n] 

*  P[Tm  ■  na1]  -  mT 

p0'1  t  , 

M  M  # 

E[N] 

-  mT(l  -  P)*1  e 

~  ~  ~  MSI 

I 

V[N] 

-  mT(l  +  P)(I  -  P)"2 

MM  MM  M 

e  -  [oT(l  -  P)”1  ej2  . 

E.  BURST  FIRING 

z  rounds  per  burst 

a  time  units  between  rounds  in  &  burst 
o  time  between  bursts 


all  constants 


Ba3  P[N  -  n]  -  mT  I*1"1  t  . 

^  ^  m 


t 


VI.  MISCEILANECTJS  RESULTS 

FIXED  TIME  LIMIT -KILL  PROBABILITY.  A  NONDECREASING  FUNCTION 
OF  IFT  AND  ROUND  NUMBER 


x's  may  be  chosen  by  firsr  but  are  >  p ,  a  given  constant 


fm-fift 


i  -X 

q.  ■  q,  n  [a  +  (i  -  a)« 

1  1 

T,  ■  t  >  p  ,  a  constant  (measured  from  time  1-st  round  is  fired) 

The  selection  of  x^,  ,  etc.,  to  obtain  maximum  probability  of  a 

kill  in  time  t  follows.  Maximum  number  of  rounds  which  may  be 
fired  is  M  ■  1  +  [t/p]  where  [x]  ■  largest  integer  contained 
in  x. 

n 

P„(n)  -  1  -  n  « 

H  i-1  ^ 

A  -  an  unknown  constant  to  be  determined. 

THEOREMS  Optimal  x^'a  are 

*2  ^  x3  ^  ^  Xjj  >  (5,  2<n<M 

such  that  x^'s  are  determined  as  follows s 

1*  select  a  fixed  n  , 

2 .  solve 

(»-l,ln(iy2  j  +  l  - 


«J]  ,  ct ,  given  constants. 


T 


FM  -  FIFT 


a.  if  X  <  0 ,  est  «  9  and  return  to  1,  vitis  n 

replaced  by  n  - 1  and  t  by  t  -  p,  and 

b.  if  X  >  0,  go  to  3. 

3*  Compute, 


\  -  In  ^  J  +  in  ^  --**  1-  l  j,i  »  1,2, ..  .,n  , 

k.  repeat  process  1.  through  3*  for  n  -  1,2, ...,M  , 

5.  for  every  a,  compute  PH(n),  and 

6.  select  n  for  max  P„(n)  . 

n 


PM-  CRIFT 


FM  -  CRIFT 


P(H)  «  1 

h<t)  -  p  l  t<*»M  *« 


l(»)  --ltu 


3*o 


•  *<«>  - 

,  v  »(n)(0) 

(H)  .  - 


“<*>  -  an 


E[N] 


1 

P 


.  r  a 

(u)(l  -  e"itu)  . 

[1  -  q^u);]u 

^n*1 

PQ.  3 

n  ■  1,2,... 

and 

V1 

EtN2]  - 

P 

Independent  of  X 


P[N  >  nQ] 


Curoulants  of  Time-to-Hit  (K)  In  Terms  of  Cumulante  of  IFT  (k ) 
1 


K1  "  7  J  K 

I  pl  Pi 


±  u 
p 


Kg  ■  (p*g  +  <1kt)  “  (per2  +  qU2 ) 

P  P 

Kj  ■  ^  tp2,tj+  3pq  K1K2  +  q(i  +  q)K^) 


w«] 


IM-CRIFT 


■  *4  Ip2**  +  Jpqpff2  ♦  +  q)^l 

Y  ° 

Hu«  \  [p5*^-*-  p2q(^M-Kj+  3 (p2)2)  +  6pq(l  +  q)p.V 
p 

+  q(p2  +  6pq  +  6q2  )m^] 


Example  1: 

X  ~  n  e  d(r) 

4>(u)  ■  ■  -PT- - 
x/  pr  -  iu 

h(t)  *  pre~prt 


IM-CRIFT 


FM-CRIFT 


Example  3; 

X  ~  Erlang  (n,r) 


(m  -  iu)n  -  (rn)nq 


-nrt 

h(t>  *  J&JTS 


^  enrtql/n«(l27rJVn 

h  Y  (c(l2^)/n.  fc( iZiricVnx  * 

k-0#k^ 


n  -  2,3, 


_ -nrt 

h(t)  "  JSET7S'V  V 
(2qi'n)n“1 


”V  (-l)J  e^^Vn  wW/ne(l2TrJVn 

A,  n-1  7 - 7 - 

H  i  in  tt 

k-0,k^J  n 


»  n-2,3 


II.  MULTIPLE  HITS  TO  A  KILL 

A.  R  HITS  TO  A  KILL  -  R  FIXED 


vim* 


-.■irr--.w.vmipTlf'-ramrTOinni7Jn'li 


♦(u#y)  -  Iu(y)  +  Oft(u)]e 


i«y-  in  MO<U 


®(u) 


*  ’ri'&fo]' 


Example ;  Let  X  ~  ned(r) 


h(t)  ~  Erlang  (R  ;  pr) 


?M-  CR3TT 


B.  R  HITS  TO  A  KILL  -  B  a  RV 


P[R  -  i]  ■  ei,  i  -  1^2# 

m 

Hu)  -  ^ 


**  r*  , 


l-i 


1  -  iw)  J 


Example :  Let  X  ~  ned(r) 


e±  -  (1  -  e)e 


i-1 


*(u)  *  -o  h(t)  ~  aed[(l  -  e)pr] 


Bh  7 


C.  LIMITED  AMMUNITION  »  R  HITS  TO  A  KILL  (R  FIXED) 


P[X  -  1]  -  a 4 


(24 


iw-cRin 


R  " 


i-R 


P[Kl 


X-,*  i  i  T  <  s 


i-0 


i»R  J-0 


h(t)  *  h^vt)  +  P[K] 

v*>  •  i  \  T  t1*"1  )****>» 


(t) 


i“R  J-0 


Example ;  Let  X  ~  ned(r) 


■  (i  -  aja1 ,  i  *  0,1#*' 


P[K]  «  1  - 


(  -SB .  f 

\  l  -  c*q  / 


Vu)  *  (  r (i  :%>  -  %  ) 


D.  LIMITED  AMMUNITION  -  R  HITS  TO  A  KILL  -  R  a  RV 


Kv 

&K1 


P[I  -  1]  -  a±  ,  1  -  0,1,2,... 

p[r  *  i]  *  ,  1  “  0,1,2,... 


025 


IM-CKCPS 


vu>  -  £  £  ai(i-i4«u)(i-*+i'3,) 

j-i  “  i-j 

*®  ■  £  ejf  X  °i +  £  ai  X  <  i  >»v  «i'v  1 

i~i  L  i-o  i-j  v-o  -j 

Example : 


°i  " 

(1  -  ajcr1  , 

i  -  0,1,2,... 

eJ  - 

(1  -  e)eJ  , 

i  ■  0,1,2 , . • . 

X  ~ 

ned(r) 

P[K] 

1-0 

1  -  o(l  - 

Wl 

®x(u) 

aepr 

rll  -  a 

-  epjj  -  iu 

DAMAGE 

r  ■  rv ,  damage  inflicted  on  a  single  round 

1.  Damage  As  a  Function  of  Round  Number 
Let 


rv 


total 

D(k) 


(in  k  rounds) 


~  D 


« 


Kv&Bl 


D.  vhere  D.  are  iid  and 


FM-CRIFT 


Let  rv  no.  of  round*  to  total  damage  <  d  *  R(d). 
Therefore 


P[D(k)  <  d]  -  yD(k)(<l)  “  Pfc(d)(k),  *  -  0,1,2 
with  d  <  b  (killing  damage). 

m 

Va)U)  ‘  I  **  • 

k-0 


i .  *  • 


Two  Caaea 


a.  D  la  Pia crete 


PlD 


m 

-  i]  -  PD(i)  ,  £  FqU)  -1,  i  c  I*  , 


1-0 


°K(d)( 


i-0 


°N(d-l)^ 


b.  D  lg  Continuous 


P(y  <  D  <  y+  dy]  -  fD(y)dy 

°N(d)(*)  "  1+  *  JQ  °N(d-y)(l) 

For  Either  Caae 

♦(u)  -  1  -  (1  -  +(u)]  <^(b)(+(u)]  . 


<27 


FM-CRIFT 


Example :  X  - 

ned(r) 

PD(0)  -  a  , 

PD(l)  -  p  , 

Pjjlb)  -  Y  ,  Q+  P  +  y  -  1 

$(u)  ■  1  * 

iu 

'<  ,  rt  _ .  f  ,“| 

(iu  -  ry ) 

1  r(l  -  a)  -  iu  /  J 

P[ Marksman  fires  aind  increases  damage  to  target  by  amount 
i  in  time  It »  t  +  At]  ■  pD(i)At  +  O(At) 

vhere 


I  pD(i)  -  PB  .  0  <  Srj  <  1  ,  ttl*  . 

£• 1 

(n.b.  probability  of  firing  and  probability  of  damage  are 
both  included  here.  Mon-stationary  PoiBSon  process). 

D(t)  **  rv,  total  damage  -  up  to  time  t  (integer-valued) 

rD(t)  *  *(D(t)  <  d]  ,  d  <  b  (killing  damage) 

Let 


(28 
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h(t)  *  coeff  In  the  z  expansion  of 


b-1 


r  »>d  ■  i 

L  i*b  J 


-IpD-zGD(z)]t 


or 


<|>(u)  ■  coeff  in  the  z  expansion  of 


b-1 


'  t0EU> 

1  •  2 


[pD  -  zGjjCz)  -  iu]”1  . 


3.  Damage  is  a  Function  of  Round  Number  and  is  Time-Dependent 

P[Marksman  fires  in  (t,t+  At )  |  n  rounds  fired  previously] 

-  r  (t)At+  O(At) 
n 

PtMarksman  fires  n  rounds  in  (0,t)  »  p^njt) 
n.b.  essentially,  a  non- stationary  Poisson  process 


for  each  round  fired; 


P[Miss]  -  a  ,  P[ Damage  but  no  kill] 

a  +  p  +  7-1 

P[x  <  D  <  x  +  dx  |  damage]  -  fjj(x)dx  , 


■  P  » 

x  <  b 


P[Kill]  -  7  , 

(maximum  tolerable 
damage) 


n.b.  target  is  destroyed  either  by  killing  or  absorbing 
damage  >  b 

cf  of  fD(x)  -  ^(u) 
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D(t)  ■  rv  total  damage  in  (0,  t)  )  target  atlll  alive 


yD(t)(x)  "  ptD(t)  <  x  |  target  alive  1 

cf  of  FD(t)(x)wrt3c  *  *D(t)(u) 

t  ^ 

v(t)  -  J  ^  pjj(n  ;  {)  rn(t)dt 

0  n-0 

(P^uJ-l+aMt) 


Wtt)  ■ 

c 

iu 

rm+  i£ 

FD(t)^ 

m  „JL. 

2TTi 

*  -  <■+  i£ 

T.,  -  rv 

time 

to  a  kill; 

du 

u 


5 

It 


F^  (t)  •  V  ^  p^n  j  t)  rft(t) 


n-0 


ov 

h(t)-Y  £  %(n  i  t)  rn(t>  rD(t)(»)  '  ^  W  ^  rD(t)W 


n-0 


N&  J1 


III.  ROUND-DEPENDENT  HIT  PROBABILITIES 
A.  UNLIMITED  AMMUNITION 

-  P[Hit  on  n-th  round  |  n-tb  round  fired] 

PIJ(n)  »  on  -  PlHit  on  n-th  round  ,  n-th  round  fired] 
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n-1  n-1 

°n  “  pn  n  (!  -  Pj )  -  pft  I]  Q<  "here  q  *  1  -  p  ,  t  -  1 
d-o  j-o  J 

60 

Mu)  -  ^  0n  4>n(u) 

n-1 


r-  ® 

"  Mu)  -  ti  -  Mu)3  ^  in(«)  n 

or  Mu)  -  Gn4(u)} 


n-1 


J-0 


* 


Mu,y) 


«7)  *  I  n  4^”<u)Vuy'^Mt)at 

n-1  J-0  J 


Example  1; 

4J  "  (s'1)*  -  ^T1*!  !■»»*»••• .»  | 

/  Nfa  constants 

"  0  ;  3  -  N+  1,N+  2,  . . .  J 

a  ^  F7i  »  N  e  I+  j  a  >  o 

Mu)  -  1  -  [l  -  Mu)Hl+  a^u)}1*"1 
and  if  X  ~  ned(r) 

«(u)  -  1  +  —■ 

(r-  iu)n 
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Example  2 


q j  *  -y  >  2  **  1,2,.,.,  j  l-q^  ■  l-at  round  hit  probability 


*(u)  -  1  -  [  1  -  4(u)]  exp  [qA  ^(u)] 
&  if  X  ~  F,rlang(2,r) 


(r-iu)  +  u(u+2ir)  exp 


®(u) 


*lr 


2  -l 


(r  -  iu)  J 


(r  -  iu) 


Example  3: 

Same  as  Example  2,  except,  let  X  ~  ned(r) 


*(u) 


r-iu 


Ah 


Example  h: 


n+  k-1 
k 


n  ■  1,2,  . . 

0  <  t  <  1 ,  k  >  0 


P1 


,kfl 


v  k(kt  l)  »♦«  (k-  .1+  l) 

£0  n(n+  1)  ...  (n+  'S-l) 
i 


monotone 
ncn-decreasing 
sequence 
for  k>l 
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Define 


2  npjj(n) 

n-1 


_i_  .  t 

^  i  +  k(i  -  {; 


px  <  P  <  pa 

liffi  Pjj(n) 
k  -»0  " 

11m  pjn)  • 

k  -*«  " 


Geometric  (i  ■  p) 
Poisson  (X  ■  q/p) 


e*VP 


n 


1  +  + 
pn 


•f  •  •  • 


V  (n)(n  +  1) 


P» 

MLE 


A  _  r  .  _  a.  +  iv,  +  . . .  +  n 

p  **  1/n  where  n  *  —  ■■  c  ' 


,  where 


ni  *  i-th  sample  from  p^n)  where  there  are  l  samples 


k  is  the  solution  to 


J. 

L  (jTT  +*’*  +  £ - 1 -  )-  /  in 

J«1  *  +  1  k  +  -  1  '  k+1 
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,  V; 


as 
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0(y)  +  £  X  II  1j  Au)].1”5"^ 

^  1-0  n-1  j"Q  J 

vhere  2-nd  term  in  brackets  is  tero  for  i  -  0,1  * 

\(ui  ■  I  Qi  1 


MOdfc 


i-0  n-1 


5  h(t)  -  h2(t)  £  ct±  J]  %  6(t  -  •*) 

1-0  n-1 

IV'  time-dependent  hit  probabilities 

A‘  p,  A  FUNCTION  OF  TIME  SINCE  START 
p(t)  *  P[H  j  a  firing  at  time  t] 
q(t)  -  1  -  p(t) 
cf  of  q(t)  -  n(u) 

h°(t)  -  q(t )  f(t)  +  q(t)  J  h°(t  -  t)  f (t )<jt 
h(t)  -  f(t)  +  f  h°(t  .  w)  tMlSM  _ 

*  A  J  m  *  w^dw 

+  J  aM  -  v)  0  (u  -  v )dv 
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*(u)  »  ^(u)  +  l^(u)  -  1]  ©0(u) 

If  n(w)  has  one  (not  necessarily  simple)  pole  at  -vQ  i 
the  lover  half  of  the  complex  v  plane,  then 

S(u,v0)  m  J  fl(v)  4(u  -  v)dw  (known) 

0Q(u)  -  S(u,v0)  +  S(u,wQ)  ©Q(u  +  vQ) 

»  j 

*0(u)  •  I  II  S(u+kw0,V0)  . 

j-0  k-C 

Example  1:  X  -  ned(r),  q(t)  -  tie“pt,  ft(u)  -  ti/(o-iu),  then 


S(u,  wQ) 


r  +  p  -  iu 


k-0 


h°(t) 


-rt  -pt  ~Tir/p[< 

re  ^  e 


h(t)  -  r.'rt  .-nr/pC.-^-U  (1  .  -pt,  _ 
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Example  2 ;  ned(r)  only; 

P  *  p(t)  -  continuous,  integrable;  0  <  p  <  l 
11m  [  p(x)dx  — — *  " 

*  — fc  M  A 


h(t)  ■  rp(t)  e  0 


-r  /*  p(x)dx 


Sub-Example:  A  Closir 


xement 


“  ("  ”™  vt)^  ’  °-t-  *0  j  ra»v»to  P°“ltiv®  constants 


- - - - T  »  t  >  t0  )  a  <  (r  -vtn?,  vtn  <  r 

(r  -  vtj  0  -  ■  0  0  a 


a  '"0‘ 


J  p(x)dx 


Vrs  - 


J  o  <  t  <  tr 


r.(rs  *  vt0) 


t^t0  • 


Example  3:  p  as  in  Example  2. 


r(t)At  +  o(At)  ■  P(  Exactly  1  round  fired  in  (t ,  t  +  &t)] 
uhich  means  firing  is  a  non- stationary  Poisson  process, 
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V.  LIMITED  AMMUNITION 

A.  ammunition  SUPPLY  a  EV 

m-l]  -  Qji  P[i.~)  .  a.i  a.  ♦  i  0  .  A 

1-0  1 


h(t)  -  am  p 


f(j+ 1)* 


(t)  p 


M  J  ^ 

1  “i  1  «3f(3tl)* 
i-1  j-0 


m 

»(t  -  -)  X  “i*1 


i-0 


ft 

■  Vt)  +  -  •)  X  ai  ‘i1 


i-0 


t 

H(t)  -  J  h(e)dt  «  H^t) 

HC(t)  Jt  h(l)di  -  sj(t)  +  £  qi51 


i-0 


V«>  -  |»  -  £  ! 


i-0 


I 


00 

P(H)  -  1  -  £  0  q1 


i«0 
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n  >  1 


m 

P(R)  •  £ 
i-0 

m 

P(N  »  n  |  H)  -  pq"”1  ^  a„  «■  Yj  ai  )  » 


1  -  s  ai  q  «L 

E(N|H)  -  ^  -  .  Y, 

i-1 


e(n2|h)  ‘  pfiD  _Mr*  (i  -  I  -  |  X  i^q1 


V  2 

*  Z,  4 

i«l 


*(»  >  nn  |  H) 


m 

pfb  a- +  I 

-  **n 


ai«‘] 


-  q*1) 


P(N  -  n  |  fi)  -  -A-  a  qn  , 
P(H)  n 

P(N  -  n)  «  a0  , 


}v‘ 


n  >  0 


n  -  0 


l”'1  ( ^  «,)*«(",  n  >  1  . 
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A1 


B.  AMMUNITION  SUPPLY  FIXED 


am  *  G4  -  0  }  i  /  k 


V»>  - 

-  (qi(u))kJ 

P(H)  -  1  -  qk  -  1 

-  P(H) 

il-l 

P(h  *  n  |  h)  -  ^ 

E(»|H)  -  fa  [i 

i. 

i 

K 

1 _ 1 

EtS2  1 H)  *  £ 

H-3  <i-«k) 

P 

P(K>n0ln)  -  fa 

P(N  ■  n  |  H)  m  0  , 

P(H) 


P(N  »  n)  ■  0 


n-1 

M  * 


n  <  k 


n  jf  k 
n  -  k 

n  ■  0,n 
1  <  n  < 


Ml  Pi 
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p(’’-no|H)  ■  [a-+ (1-a.)°,lo(r?55/)]'»no1 


P(n -n  I  H)  - 


(l  -a)(i  -  aj(ai)n 


P(N  -  n)  -  a. 


pqn_1[a«+  (l  -  am)cP)  +  (l-aj(i-a)(aq)n, 


n  >  o 


n  ■  0 


n  >  1 


Example  3: 

a  -  0 


i  “  (l+a)  (  ±  )aii  *■  0,1,2,. ..,k. 


a  >  o 


J  i  ■  k  +  1,  k  +  2  ,  ... 


X  ~  ned(r) 


(u )  *  —  J2L  i 

lv  pr  -  iu 


Example 


^-(rhO  (i  +  r^t)  |  . 
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Example  5'. 

a„  «  0;  a±  -  (l-a)a1j  1-1,2,...,; 


X  ~  Erlang (2, r) 


#x(u) 


*§■ 


(r  -  iu)  -  Ctqr 


0  <  O  <  1 


VI.  RELIABILITY 

Weapons  fall  on  firing.  The  preceding  section  on  limited  ammuni¬ 
tion  can  also  be  Interpreted  as  a  reliability  situation. 

A.  CONSTANT  PROBABILITY  OF  FAILURE  CN  EACH  ROUND 

p  -  probability  of  a  hit 

q  -  probability  of  a  miss 

v  «  probability  of  a  failure  (i.e.,  on  each  round  fired  there  is  a 
probability  of  a  failure).  Firing  ceases  at  a  failure. 

p  +  q  +  v  •  1 

M 

hx(t)  -  Y,  W1’1 
1-1 

m 

h0(t)  -  Y  v<li"1 
i-i 

•(u)  -  «x(u)  +  *0(u),  vhere 

V»>  ■ 
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•o(u)  ■  r$ak  • 

Example  1: 

X  ~  ned(r) 

hx(t)  -  pre-(rfv)rt 

h0(t)  -  vr»-(pfT)rt 

h(t)  -  (p-  v)re-(P>v)rt  . 

HOUND  NUMBER  ON  WHICH  FAILURE  OCCURS  IS  A  DISCRETE  RV 

Let  K  «  RV,  round  number  on  which  a  failure  occurs  (it  is 
discovered  one  attempted  firing  later). 

P[K  -  k  +  l]  ■  *  P[A  failure  to  fire  occurs  on  round  k+  1] 


L  \  m  1 

k-0 

to 

hi(t)  ■  I 

p ,«**•<»>  r  f  < 

i*l 

k-1 

00 

ho(t)  ■  I 

at  ,i+1  f(i+l)*Ct) 

i«0 

•i<u)  * 

qfc  1  '  i  “k 

L  k-0 

00 

»o<“>  ■  I 

oi  qi+1  ii+1(u) 
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x  4pr  t  +  +  1 


h1(t)  -  F(H)  hjj(t)  -  ^  e‘^2rfl/T^  «lnh  2r '/q  t  . 


B.  Tt  A  CONSTANT  (t) 
L  _ 


b1(t)  «  P(H)  hjjCt)  m  Yi  j  e"iUt  ®(u)du  i 


P(H)  ^n(H) 


v»>  -  V“>  *  ife  jT.  ^  »>h_ ^ 

p(H)  «  _i_  r  »(-u)[eluT  -  lldu 
2tt1  J_  „  u 

P(H)  Mh(H)  ‘  ^  j[. 

ho(u)  -  P(H)  hgtt) 

«  -  *0  f  e*^  $(u)du 

2  TT  U 

Vj)  -  f(h)*8(u)  -  ^  /_  S1(“~w)lr  iiial -.A)*; 

,  _1_  f  «1(“-y)T  «fv)dw 

27Tl  Jt  w 


♦(n)(-v)[el"T  -  xlaw 


[*(u)  -  lldu 


t  <  T 


p(h)  -  1-  p(h) 


p(h)  u  (h) 


a  A' 


[•(u)-lldu  ,  1  f  e~iuT  <l(u)du 
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h(t)  -  hjj(t)  P(H)  +  hg(t)  P(H)  . 

VIII.  INTERRUPTED  FIRING 

Firing  with  Weapons  Which  Fall  and  Can  be  Repaired  (Replaced) 

Marksman  fires  until  he  hits  or  weapon  fails.  Timt-to- failure  is 
an  independent  rv.  Tiae-to-repair  or  replace  la  an  independent  rv. 
Process  continues  until  marksman  hits. 

A.  LIMITED  AMMUNITION  -  FIXED  AT  k  ROUNDS 
rv  time- to- failure  T^  ~  ned(r^) 

rv  time- to- repair  (replace),  no  contact  -  Tj  with  cf  ©j(u) 
yL  ■  time  since  last  failure 


*o(u) 


q(rL  -  lu)  +(u  *  **!■> 
(rL-iu)  -  J*Lll  -  4>(u  +  irL;©g(u) 


cf  of  Improper 
pdf,  time-to-a- 
draw 


*(11, y)  • 


t(u,yL) 


.  .  .  ...  (iu-rL)y-  J^MOdi 

[U(y)  +  ©0(u)]  e  L  0 

rL(rL  "  iu>[l  "  ^u+  irL^  c  iVVh 

(rr  -  iu)[l  -  q^u  +  irT  )\  -  r,(l  -  ±(u  +  ir.Jl  ©.(u) 
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B.  AMMUNITION  LIMITATION  A  BV 


Pi  I  -  i] 


Vu>  ■  I  °i 

i-0 


I  “i  ■  1 

i-0 

q(rL-  iu)  M«  +  ixL) 

(rL  -  iu)  -  r^ti  -  Mu  +  irL)jO__(u) 


p(rL-  iu)  Mu  +  irL) 


"  (rT  -  iu)[l  -  qMu  +  ir. )J  -  rT 11  -  Mu  +  irTjJ©_(u7 


i-0  L- 


(rL  -  iu)  Mu  +  ir^)q 
(rT  -  iu)  -  r.  Cl  -  Mu  +  irT)j©_(u) 


i  qj  i1  • 


i-0 


C.  UNLIMITED  AMMUNITION 


Mu) 


p(rT  -  iu)  Mu  +  irL) 


(rT  -  iuJTi  -  'qMu  +  irT)3  -  rt  U  -  Mu  +  ir.  )J©_(u7 


Example : 

Unlimited  ammunition;  X  ~  ned(r);  T  ~  ned(r  ) 

C  C 

pr(iu-  r_) 

«(u)  -  1 - £ -  . 

u  +  iu(r_  +  y_  +  pr)  -  prr_ 


Bh3(U) 


C50 


rnatim 


I 


D. 


UNLIMITED  AMMUNITION,  EXCEPT  FIRING  CONTINUES  FOR  AN  UNLIMITED 
NUMBER  OF  HITS 


I.e.,  firing  never  ceases  and  the  nuaiber  of  hits  ia  counted. 

X  ~  ned(r)  (derived  in  a  naval  warfare  context  —  submarine 
versus  anti-submarine  vessels) 

Time  is  zero  at  initiation  of  first  contact  (combat),  and 


X 


c 


4_(u) 

c 


R 


«  _>) 

R,C 

®R,C^ 

®R(u) 


rv 

time  in  contact  ~  ned(r^ ) 

cf 

of  X 

> 

rv  time  not  in  contact 

c 

rv 

number  of  hits 

rv 

time  to 

R 

hits 

rv 

time  to 

R 

bits,  not  in  contact 

rv 

time  to 

R 

hits,  in  contact 

cf 

of  DF 

of 

T 

R,C 

cf 

of  DF 

of 

T 

ar,c 

cf 

of  DF 

of 

tr  •  ©  _(u)  +  eR  c(u) 
R,C  * 

rv 

time  since 

start,  in  contact 

rv 

time  since 

start,  not  in  contact 

cf 

of  DF 

of 

TC 

«  (u) 


cf  of  DF  of  T 
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G,(l>  -  1 


JR,C  "  i-iu  +  rc “  pr  -  rc  4>_{uJ  -  prz; 

c 

rc[l  -  4_(u)l 
c  C 

GR^Z^  “  ^Iu[  -  iu  +  rc  +  pr  -  rc  i_(u)  -  prrj 


Expanding  in  powers  of  z ,  the  coefficient  of  **  is  ©i^c(u) 


and  0  _(u),  respectively;  also, 
1,C 


GH  c(l)  *  cf  of  P[  Being  in  contact  at  time  t3  *  ©p(u) 


G  _(l)  ■  cf  of  P[Noi  being  in  contact  at  time  t]  •  ©_(u)  * 


R.C 


♦  „(u,yr)  »  ♦  _(u,0)e 
R,C  B,C 


iuyc‘;oC  XC(t)dt 


where  yr  is  time  since  last  contact 


♦  _(u,o)  «  rc  ©R^c(u) 
B|C 


G^(z) 

C 


G(z) 
rC  °R,C 


Example ; 

X  ~  ned(r  ) 

C  C 

r  -  iu 

Jz)  m  ,  _ C  _ 

R,C  2  -  iu(r  +  rp  pr  -  prz)  +  r  pr(l  -  z) 

*u  C  C  C 
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b(t) 


-pr(t-T) 

pre  , 


®(u) 


Ml 

pr  • 


iuT 
•  iu 


t  >  T 
t  <  T 


B.  DELAY  BETWEEN  BOUNDS  TIRED 

Each  round  fired  is  allowed  to  land  first  and  then  the  process 
starts  over  again. 


A3 


TM.(X1+Tr  >♦  (Xg  +  Tp  )  +  •••  +  (Until  target  is  hit) 
1  2 

Vu^  "  1  -  qjtuV^UJ 

p4>(u)  i-U) 

*(u)  •  i  -  > 


if  Tp  ■  t  ,  a  constant,  then 


•<u) 


J2ikl 


iut 


1  -  qi(u)  eiuT 

Example  :  Let  X  ~  ned(r);  f„  (t) 

F 

*(u)  "  (y  -  iuM!**-  iTu)  -  qr 


I 

T  * 


C55 


m  -  cRirr 


h(t) 


J 


2prT  e 


-(l*rr)2^ 


^prr  -  (l  ♦  rxf 


[/ 


•in  /  Uprr  -  (1  +  rr  f 


*] 


where  kprr  >  (1  + 


2prre 


■inh 


yj  (l  +  rr  •  kpr'c 
>  fcprr  . 


t 

2? 


LIMITED  AMMUNITION  -  RANDOM  INDEPENDENT  AMMUNITION  RESUPPLY 
DELAY  mOCEDURE  (TFT  AND  TOF  ALTERNATE) 

kO  °  initial  ammunition  supply  (fixed) 
k  -  replenishment  supply  (fixed  and  same  each  time ) 


Replenishments  arrive  randomly  and  independently  of  the  firing 
process.  Inter-arrival  times,  are  ned(rw).  The 

adscript  T  refer,  to  Tp  (TOF).  fat  T£  -  rv  time  during  which 
ammunition  is  exhausted  with  cf  ±E(u)  for  f  (t) 


*e(u) 


Ci(u)k° 

~ 7.  „  f  -jk,  ~  Wher«  C.(u)  is  obtained  from: 

rwll  -  C.(u)  ]  -  iu  A 


Cl(u)  ■  M*W[1  -  Vu)k]  -  M  -  c»“]  -  tui 


FM  -  CRIFT 


ip(u)[  1  +  iu  igfu)]  iuyF- /0F>^U)dt 

♦(u'V  "  — x  -  ipSrnro —  • 


V(u  ,  y)  ■  { 


ip(u)  i(u)  *  iui^(u)  “||  iuy- J^Mtki 


I-  iF(u)  i(u)  • 
U(y>  +  [ 


1  +  iu  q 


<N 


JjwCl  -  qk  c£(u)] 
l-  q<L(u;  Muj 


*K(u)  -  p 


-  iu 


Mu) 


®(u)  •  $K(u)  ip(u)  where  Cg(u)  cones  from: 

Cg(u)  -  ip  jrw(l  -  qk  C*(u)]  -  lu  |  i|rw[l  -  qk  C*(u)]  -  iu  | 


1.  Spec  1>1  Ce.se  1; 


No  replenishment  end  emmunition  is  limited  to  k  rounds 
(n.h.f  can  run  out). 


Vu)  •  f  >ro  I1  *  l4Vu)  *(u)]k}+  «k  •  Vu>  * «k 

*(u)  ■  ^(u)  i(u)  +  qk  . 

2 .  Spec lei  Cese  2 : 

No  replenishment.  Ammunition  llmitetlon  is  e  rv,  i.e. 

m 

P[I  ■  i)  ■  U.  ;  2  a  q*  .  Cen  run  out. 

1  i-0  x 
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T  »  rv  time  between  bursts 

T_  *  rv  time  between  rounds  in  a  burst  (burst  intervals ) 

G 

x  «  number  of  rounds  in  a  burst  (fixed) 
f(t)  «*  pdf  of  T;  cf  of  f(t)  -  Mu) 
fG(t)  -  pdf  of  Tq;  cf  of  fQ(t)  »  ^G(u) 


q*  Mu)  4Gml(u)  "  iuy-jJ  Mt)dt 

1  -  4B  Mu)  ^_1(u)  J  * 

qMu )  [1  -  (q^G(u )  )*-1]  iuyQ  -  /QG  >Q(  t  )d  fc 

y°  1  -  qMu  Hi  -  qz  Mu)  ^(u)] 

pMuHl  -  qz  <$f(u)] 

®(u)  ■  — — '  -  .  . .  . 

[1  -  q<l>G(u)ni  -  qz  &u)  ^(u)] 

If  Tfl  ■  » ,  a  constant,  then 


Mu) 


[1  -  q  exp(iau)Hl  -  qz  Mu)  exp(ia(z  -  l)u)] 


Bh(3)2 

A5»  . 
Bh?(2  ) 

A5 


XI.  MULTIPLE  WEAPONS 

A.  FIRED  IN  VOLLEYS  OF  v  ROUNDS  EACH 

p  «  P[ Volley  hits] ;  X  »  rv  IFT,  between  volleys 

d  ■  P[ round  in  volley  hills  |  volley  bits],  same  for  all  rounds  in  volley 
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Example :  Let  X  ~  ued(r) , 


?r[l-  Cl  -  d! 


pr[l  -  (l  -  d)V]  -  iu 


B.  FIRED  IN  VOLLEYS  OF  v  ROUNDS  EACH  WITH  LIMITED  AMMUNITION 


P[I  -  i]  -  Qi  ; 


1-1,2,...,  . 


*  r  -i  r  -i3 

4>  (u)  «=  )  1  -  (l  ••  d)V  (l  -  d)^ yUu) 

1  iti  L  a-a)T  JL 


L  °i(1 


qi(u) 


-  i+  1,  i) 


o-J-  A 

L  ai  +  1  ai  1  <  t  > 


Pvq1-,[(1  -  an'  . 


Example :  I*t  -  (l  -  aja1  end  X  ~  ned(r) , 


\(u) 


Kv&Bl  P[H] 


cnrll  -  (l-d)v1 


r{l  -  a[l  -  p(i  -  (l  -  d)v)]} 


_ 1  -  a _ 

1  -  a[i  -  P(i  -  d)v] 


sassssK 
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C.  MULTIPLE  WEAPONS  -  USED  SIHULIAIfSCUSLY 

k  weapons  fired  simultaneously ,  each  weapon 

~  ned(r^)  and  P[H]  ■  p^ ,  i  *  l»2,...,k 


-w 


P[t  <  Tm  <  t+dt,  i-tb  weapon  killed]  ■  pi  ri  e  *  *  dt 

,  .  'x 

h(t )  -  / 


Pi  e 


-^-i  pirit 


i*l 


D.  MULTIPLE  WEAPONS  -  USED  ALTERNATELY 
Marksman  fires  2  weapons  alternately 

Weapon  1:  rounds  fired  each  time  with  IFT  fx  (x^) 

Weapon  2  :  kg  rounds  fired  each  time  with  IFT  f^  (xg  ) 

Weapons  have  p^,Pg  kill  probabilities,  respectively 
Start  with  weapons  unloaded 
y^  ■  time  since  weapon  1  fired  last  (no  hits) 

y2  «  time  since  weapon  2  fired  last  (no  hits) 


¥(11^) 


(y1)(l  -  q^xOHl-  (q^^u))*1  [qg^lu)]*2}  +  q1<i>1(u) 


Ehl 


Bh? 


- ( (u)]  1  [qg^u)]*2  -  [q1^1(u)]kl-f  [q1<t>1(u)]kl[qg<t>2  (u)]^2  j 
[1- -  [q^Cu)]*1  [^^(u)]152} 

iuyl" 


•  e 
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Jq^iCu)] 


1-  [qg^gfu)] 

l  -  [q^Cu))*2 


iUy2  *  f0Z\(^dt 


p^CuJtl  -  [q^Cu)]  }[l-qg^(u)]  +  (u) 

•  it^wni- [%4fe(tt))^}[i-41*l(u)] 
•(“) - r - —5— 

Example :  Let  *  kg  *  1;  X^Xg  ~  rx,r2  *  re8P«ctively. 

•(»)  .  A  r^ll  .  ^  ^  . 

-u  -  iu(r1+  r2)+  r^gCl  -  q^  ) 


E.  MULTIPLE  WEAPONS  USED  CONSECUTIVELY  -  EACH  USED  UNTIL  FAILURE 

1.  Marksman  has  k  Rounds  Initially  (Ammunition  Limitation)  and  m 
Weapons 

Let  X  -  ned(r)  and  -  rv  time  to  failure;  same  for  each 


weapon  nhen  in  use  ~  ned{rL). 


‘o(u!’(f?1s)  I|-  r.Iu  -|(k>B)  +  (  pr+  t\- iu,)1  j-prfr^-iu 

l_r+rj"iu  J  [_r+  rT  -iu_ 
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Unlimited  Ammunition,  Random  Initial  Supply  of  Weapons 
X  ~  ned(r);  ~  ned(rL) 


Example : 


Unlimited  Ammunition,  Fixed  Initial  Supply  of  Weapons 


X  ~  ned(r); 


Tl  -  ned(rL);  m 


/  rT 

(u>  '  (  pr'~"?  "-  lu  ) 


\(u) 


J2L. 


pr-  iu 


1  - 


pr  +  rT  - 


MARKOV- DEPENDENT  FIRE 


number  of  weapons 


See  FM-FIFT  for  notation.  (See  p.  C7  ) 
POSITIVELY  CORRELATED  FIRE 
Three  State  Firer 


PfHi  I  Hi_i] 
P[H  J  -  p 


V  p(Hi 1  ni-i1 


1  -  T)_  +  T>_ 


■  *i>  po>pi 

o  ■  Corr  [M.  ,  B  ]  > 
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fi  “ 


I  1  “  P1  Pl(l  ’  pk> 

1  “  p0  P0(l  “  Pk) 


*A 

Vk 


■  r  s-L* ) 

V  0  I  1  / 


(i  -  p,  p>  i  o;  -  (  aT  ;  o) 


_T  „n  T  en-l 

p  S  n  -  p  S  n 

*  ^  (  fy  <C 


ST(I  -  P)-1  e 

*0  *s*  rv  Arffl 

ST(2(I  -  P)-1  -  I)(I  .  P)'1  »  .  H?[K] 


E[Tm]  «  E[N]  *  E[T] 


E[N]  •  V[T]  +  V[N]  EZ  [Tj 


Pi  Pk 


i(u)[l  -  (p0-p  H(u) 


-p0+pk\  i-^uni-pI^p0u-pk;u-ilu})j  +  p1(i-pkH(u)  ) 


Example;  Let  X  ~  ned(l),  then 


°1  C2 


iu-  C, 


Cj  (lu  -  C^liu  -  C2 


r<i 


t  >  o 


pdf  ITT  when  In  state 


0 


9 


elsewhere 


A  -  D(ri)(S  -  l)  ;  H(t.)  -  B ?  &  JQ 

T  # 

h(t)  -me  An 

*  ( •  •  •  $ •  •  •; where  ^  <  0,  i  *  1;2 1  < • » | &  i  Xq  *  0  j 

we  note  that  the  \'b  are  the  characteristic  values  of  A  and  if 
A  has  m+  1  linearly  independent  characteristic  vectors,  then  let 


X  be  the  matrix  of  character let ic  vectors  of  A 
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*(u,y2)  -  MiAA  ^-/oV^ 

^,(u)  r 

*(u)  -  — c“  LP1+  (plV22  “  Wl2%(u)3  * 

Example :  Let  X^  ~  nedCr^)  and  Xg  ~  ned(r2). 


C1C2  "  ipiriU 

[cx  -  iujfcg  -  iu; 


where 


C1  +  C2  rl^1  "  qlPll3  +  r2^  "  q2P223 

C1  C2  *  rir2  [1  “  qiPH  *  Wz  +  qiq!2  ^P11P22  "  P12P21 33 


XIII.  MISCELLANEOUS  RESULTS 

THEOREM:  Let  P[H]  -  p,  P[H]  -  1  -  p,  P[K  |  H]  -  p.  and  p,p. 
constants;  however,  conditional  hit  probabilities  vary  depending 
on  prior  history.  Define  the  positive  correlation  as: 

P[Hi  |  hits  on  specified  previous  rounds  and  miss  on  all  others] 

>  P[H^  I  miss  on  at  least  one  of  the  specified  previous  rounds 

and  miss  on  all  others]  . 

Then,  firer  always  does  worse  with  positive  correlation  than  with 
independent  firing. 
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n.b.  (a)  any  hit  may  be  a  kill,  i.e.,  overkilling  is  allowed 

(b)  this  is  not  the  same  as  the  usual  definition  of  correlation 
(for  which  this  theorem  does  not  apply).  It  is  stronger 
than  ordinary  correlation. 

This  theorem  does  not  apply,  in  general,  to  FM  or  FD  but  may  be 
specialized  to  apply  by  making  the  first  kill  an  absorbing  state. 
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Alti' 


Fil 


4- 


Zb  ^a’b  V*  /,  ,  ,w  ^ 

— TJ  L  (J  1)(W  ^B 

X*V%  i-o 


♦  X  to*1?  (Wb>3 

j"0 

-  (  b  A,In0/b) 

p(!Ia>»oIa)  -  b 


P(A)(1  -  qAqJ) 


t  a 
qAqB 


VI 


Zm  j  [x.] 

<v?>J  % J  •  L>  "1a'*b/  hb 

d-0  J** 


•  t 


[x,] 


<1*  i 


where  A  *=  nQ  -  [rq  / b]b  ,  i.e.,  the  remainder  when  nQ  is  divided  by 

b ,  0  <  *  <  b 


P(A)  P(TD  -  n^  |  A)  -  pA  q*"1  4Wb]  #  n  «= 

P(AB)  P(Td  -  nba^  |AB)  -  (q*q*)n  ,  n  -  1,2,,.. 

A  £ 

g(t)  «  P[A]  P[Td  “  na1  |  A]  8(t  -  na^]  +  P[B]  P[Td  *  nbx  |  B]  B(t  -  nb^ 
+  P[AB]  P[Td  -  nbax  |  AB]  6(t  -  nba^ 

Example  1:  let  a^  *  cb^  with  a  ■  c,  b  *  1  and  c  a  positive 


integer : 
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P(A) 


1  “  qAqB 


and 


P(AB) 


c-1 

PAPB  qB 

i  «c 

1"qAqB 


Example  2 : 

Let  b^  ■  ca^  with  a 

■  1,  b  •  c 

and  c  a  positive 

integer ; 

P(A)  -  1 

c-1 

<A  PE  and 

►d 

s 

II 

c-1 

PAPB  qA 

1  c 

1  -  «A% 

A&W1 


) 

Example  5 :  ; 


On  the  following  page  are  three  graphs ,  as  follows : 

(a)  From  Example  1  with  c  *  2.  This  is  the  same  as  r,  ^  r_.  The 

d\  CD 

right  end  points  of  each  contour  are  at  p  «  1  -  ^P(A)*  • 

E 


(b)  From  Example  1  with  c  *  a  *=  b  «=  1.  This  is  the  same  as 
rA  *  r£.  The  right  end  points  of  each  contour  are  at 
PB  *  1  -  P(A). 

(c)  From  Example  2  with  c  *=  2 .  This  is  the  same  as  r.  *  2r_  . 

A  D 

The  end  points  of  all  contours  are  at  pA  *  P(a). 


C75 


Pa 

(0) 


The  Fundamental  Duel  with  Discrete  Firing  Times 


FD  -  FIFT 


II.  VARIATIONS  OF  INITIAL  CONDITIONS  -  INITIAL  SURPRISE 
A  has  time  tfi  in  which  to  fire  before  B  starts 
A  ■  cycle  time  *  a^  b  «  a 

y  *  number  of  rounds  fired  by  A  before  B's  first  round 

f  ♦.  “1 

“  L  *7  +  1 J  vhere  ^x]  *  largest  integer  <  x 
In  A  time  units  A  will  fire  b  rounds  and  B  will  fire  a  rounds 
^  'l  ■  «A  >  H  -  1  - 

In  a  cycle  there  may  be  either  0  or  1  simultaneous  firings. 

Let  M  *  a  h  b,  and  define 


2y+l  Sy+2  ***  2yfi  ***  Jy+M  >  no  Bimultaneous  firings 


Syf M-l  *  one  simultaneous  firing 


Vhere  ^r+i“^A  or  *  or  ■  ®ab  #  depending  on  the  order  of  firing 
in  the  first  cycle,  i  -  1,2,..., M  (or  M-  l). 


/  * A  *A  0  0  ^ 

0 

*B 

0 

0  10  0 

5*  * 

0 

1 

0 

0 

1  0  0  10, 

i 0 

0 

1 

0 

\  o  o  o  i  y 

\  0 

0 

0 

1 

Vs  Vs  Va  Vb 


The  firing  order  in  the  first  cycle  is  determined  by: 

*Ai  -  time  A  fires  i-th  round  -  (i  -  l)a,, 
tgj  *  time  B  fires  J-th  round  *  tft  +  (j  -  ijb^ 

(n.b.,  A  fires  b  rounds  in  one  cycle;  B  fires  a  rounds  in  one 

cycle;  and  B  fires  his  first  round  at  time  ■  t  ). 

s 

After  j  Cycles 


P^[no  hits] 


*  c.  ti 


'A  W  “  #» ' fi  1 
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P(A)  -  1  -  q 1  + 


P(B) 

P(AB) 


Grl 


Example :  Let  a  »  b  with  t_  <  a  , 

- —  s 


P(A) 


and  P(B )  *  ■j- 


Vb 


■'*"  1  -  qAPB 


P[(k-l)a  +  tfi  <  T^  <  ka  +  tg  ,  A  1b  alive) 


k-1 

n 

trP 

!V 

+ 

L 

J-o 

<  ka  ,  B 

is  alive] 

Mm 

k-2 

‘  *A 

(Vs)"'" 

*  SB  L  V>B 

- 

j=o 

Scl 


III .  MULTIPLE  HITS  TO  A  KILL 

Alternate  firing,  i.e.,  a1  *  b^j  tg  <  a^^  where: 

R^  *  fixed  number  of  hits  required  for  i  to  kill  j  (either  may 
start  first),  i,J  *  A,B 

P[i  |  j]  *  P[i  wins  given  J  starts  first]  ,  i,J  “  A,B 
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4/ 


I 

j 

I 

! 
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Let 


P[B  |  A] 


P[A  |  A] 


C  -  min  ,  Rj  -  l)  where  i  is  the  contestant  to  start  first 

(A  or  B) 


-  1  -  P[B  |  A] 


To  obtain  the  other  probabilities,  interchange  A  and  B. 
Examples : 


PA  *  .3 

%  ■  -5 

^  * 

Pg  -  .5 

pa  -  .5 

Pg  "  -7 

ra 

H 

p[b'a] 

p[b|b] 

p[b|a] 

p[b[b] 

p[b|a] 

p[e|b] 

1 

1 

.5385 

.7692 

.3333 

.6667 

.4118 

ir\ 

K\ 

N 

CO 

• 

5 

3 

.4257 

.5010 

.1139 

.1728 

.2576 

.3579 

5 

5 

.8201 

.8630 

.4522 

.5488 

.7414 

.8381 

n 

5 

.5955 

.6541 

.1674 

.2266 

.4159 

.52  78 

7 

.8695 

.8981 

.4599 

.5401 

.7981 

.8669 

B 

10 

.9160 

.9330 

.4671 

.5329 

.8545 

.9002 

XV.  LIMITED  AMMUNITION 


A  draw  occurs  if  both  run  out  of  ammunition,  or  if  A  and  B  kill 
simultaneously. 


3 
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A.  AMMUNITION  SUPPLY  A  RV 
Let  XA  ■  au^  and 

P(I  -  i)  -  a±  ,  P(l  -  «)  -  aM  ,  1*1,2,...,  and 

P(J-j)-Pj,  P(J  *  “)  «  P„  ,  and 


P(A) 


O* 

z 


+ 


iai) 


[n^b] 

i  -o 


P.+ 


W 

z  >4 

3*[na/b]+l 


P(AB) 


00  00 

Z  ai  4.  Z 


.Vb-l  va-l 


PJ  4  *  Vfe  L  V  "  % 

1*0  J*0  V*1 


00 

z 


w  oo 

(°*+  Z  aiXp-+  Z 


i  *  vb 


i  “va 


+  S  o. 
1*0  • 


p„  +  2  p. 

j*0  ’ 


[na/b] 
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Occasionally,  in  what  follows,  there  are  sums  which  may  have  upper 
limits  which  are  less  than  the  lower  limits,  under  certain  conditions.  In  all 
such  cases  the  sum  is  to  he  considered  zero. 


P(BA.n|E)  P(B)  -  aJi  .  X&J+  Cl-a0>  h  X  4': l(>-*  I  )' 

J-0  k-1  J-k 


b  -  1 


°b(l-  I  “b'X  P-+  I  )’  » 

J-0  k-1  J-k 


where  n  -  0. 


P(NA-n  |  B)  P(b) 


n 

*A 


°n  4“A1  %  L  i  W>.!>(  X  ai>BnaA’1 

k-1  J«k  i-nfl 


*  % 


k-1 


[  (r*l)a/bJ-lna/b]  “ 

qB  ^P* +  Z  P[na/b]+J  ) 
d-k 


where  n  i  0,b,2b,...,  and  n+  1  /  0,b,2b,...  , 

P[N*  -  n  |  B)  P(b) 


■“a  ]  “n^1  %  1  t  sl»A?+J> (°-+  X  %)4“A'1 

/  k-1  v  d-k  V  i-nfl 
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*  PB 


+ 


I 


J-k 


P[na/b]f  j 


) 

I 


where  n  /  Ojb>2bj»»«>  and  n  +  1 


b;2b f • m •  • 


+ 


a 


00 

1  “i ) 


i*n+l 


(na/b )-l 
qB  PB 


(aAi>l 


I  qB  1  (  +  I  P(na/b)-l+j  J 


) 


k=l 


J-k 


where  n*»b,2b,*,.  . 


i 


P(N  -  n  |  B)  P(b) 


r. 


qA  <  a. 


00 

'  ona“1  T>  V  k-1 

n  qB  PB  Zj  qB 


k-1 


P*  +  X  Pna+j-l  J 


J-k 


<s  +  i  “ijes  t 


i"n+l 


.k-1 


k«l 
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£ 


j-k 


pnaf  3  )>  ’  n  -  1  w4  b“l 


P(B.  -  n  |  AB)  -  T 


n  » 


P^eJ  L  Pj  qB  '  where  nj*b»2b,...  . 

j-0 


F(N.  «  n  |  AF) 


T(kl 


I  ^  ^  +  PaPb  C1  4“A)‘l(“^  £  B, 


•( 


+  ,  *3  ) 
J-(naA>) 


where  n  -  b,2b,3b, . . .  . 


P(Na  -  n)  «  P(NA  «  n|A)  P(A)  +  P(NA  -  n |b )  P(b)  +  P(N  -  njAB)  P(AB) 


FIXED  AMMUNITION  SUPPLY 
Ut  °k  “  Q«  “  ai  “  0,  i  /  k  , 

“  lf  p~  “  pi  “  °»  3  it  • 


FD  -  FIFT 


C83 


FD-  FUT 


E(N,  |a)  *  )  nP(N  «n|A)  «  -  (k+ l)qf  +  l]  , 


A  Lj  'A 

ncl 

n. 


Pa  L  K1  4  %<£  -  i> 


n-3.  [na/b] 


n*A  % 


kq^1  -  (k  +  l)q*  +  1 


P(NA>n0lA)  «  £  P(NA-n|A)  -  <^(qA°  -  q*)  , 


■  0 


1  <  ni  <  k 


k  <  <  k/ 


*  0 


71  n 

-  nn_1  \  n”*1  „!n»A>]  i  clln  1  *1  "ni”! 

Pa  qA  L  4*  4b  4  V4a  *V>  01 


/,  0  k 

V«A  -  V 


>  no>ni 


1<n1<  V 


Jv 

I  C1 


,  [na/b] 


n0"1  k 

*A  '  *A 


k  <  <  k/ 


>  k/ 


AP(A)  -  P(Na  >  i+l,A)-P(NA  >  J+1,A),  using  aw  -  l , 
where  AP(a)  is  the  increase  in  A's  kill  probability  if  A's  initial 
supply  is  increased  from  i  to  j.  ' 


FD  -  FIFT 


Example :  Let  m  -  fa/b]j  [x^3  « 

also  let  -  (l-aja1,  i  -  0,1,2,., 
J  m  0|1;2 )  •  •  *)  Mid  **  0 • 


!  f  3  Vherc  R  *  e  -  bmj 

•>  ;  -  0  ;  pj  -  (1-  P)f5j  , 


P(A)  ,_2i_  j  i-p  i 

'  l-^B  1*“»» 


PW”  Y 

1-  KA)b  <*,)*  a4 


‘V  ) 


(^(‘V  J  (  PqB5  j 


t.' 

p(ab)  - 

S' 

\ 

r  i 

r  •  : 

t  | 

i  • 

f 

E;  i 

P(NA-n 

i‘  i 

J,  1 

i!  ; 

e(na|a) 

p(AB)  .(  1 Z°-  )(  .±.7.?..  )  +  -■-APB(%)„.(V.i. 

‘  U-^aA  i-?*J  ,aVx-(V1’(p4b)1] 

P(E  -n|A)  -  aPA(aq*) - -  |  (1  -  P)  ♦  Ppg(e4E)toa//kl  | 

A  P(A)(1  -  SqB)  t  ^  E  ‘ 


V  (  (1  -  aqA)‘ 


1  -  («lA)n  Oq£)' 


b(Oq  )k  ( PaB )a  ^  .  mjtln.] 


V  «  «J+[xJ 


u  0  rA  VK*B  ( 

3-0  J  ) 

V.  TIME-LIMITATION 

A  draw  occurs  if  time  runs  out  or  both  kill  simultaneously. 


A  &  G1 


C85 


ri  lyyff  f-’f  z? 


FD-  FIFT 


A.  TIME  LIMIT  A  FV 


Let  Tl  «  time  limit  rv  where  fT  (t)  is  the  pdf  of  Tt  and  let 

L  L 

‘a“V  *b'V 


f(a)  *  ^  1 1”-1  <4“/bi  r  *,  (♦)« 

na.^  aL 


p(ab  )  » 

1  «A«B 


00 

I  <*&>"/ 


J  fj  (t  )dt  where  AB.  «  Event  of 
nba^  L  ■*■ 


simultaneous  kills 


P(ABg )  -  £  (  ,“q]nb/a]  J  f5  (t)4t  ♦  ^Wl) 


nb2  L 


(i*l)b 


fT  (t)at  ;  ,  S 


I  (  v4“A! 


fT  (t  )at  +  q"4(wl)a/bl 

L 


(nfl)a1 

*  J  fr  (t)dt  ,  a,  <  b, 

ujning  tL  1-1 

where  ABg  *  Event  time  runs  out  before  a  kill,  and  where 


FD  -  FIFT 


mlr^  -  min  {(n+  l)b^  ,  [nb/a]a^+  a^}  , 

nd 

ming  -  min  {(n+  l)a^  ,  [na/b]b1  +  b^}  . 

P(AB)  «  P(AB^ )  +  P(ABg )  . 


P(A)  P(TD-n«1|A)  -  rA  4”'14na/b]  J  tT  (t)at 


1^1  L 


P(AV  P(ID  -nb^lAB,)  -  Si  (qyBr  r  t  (t)at 

A  B  riba.  L 


nbax  L 


"  <JA 


tt/a1]  [t/bj 


*T  (t) 
L 


where 


gABg  ^  ^  "  pdf  of  time  to  «nd  of  duel,  given  time  runs  out  before 


a  kill. 


The  two  cases  are  kept  distinct  because  the  first  is  a  pmf  and  the 


second  is  a  pdf. 


B.  FIXED  TIME  LIMIT 


Let  Tt  ■  t  (a  constant). 


PD  -  FIFT 


Pa  r  *A~ 


1  „[na/b3 


**1 


n  ■! 


P(A)  - 


t  <  a. 


Simultaneous  Kills 


i-qJqS  l 


^Wv1) 


<«> 


T  2  *bl  -  *>*! 


P(AB^)’ 


T  <  ab,  - 


i"bal 


Time  Runs  Out  Before  a  Kill 


[T/^l  [t/h  ] 

P(A^)  -  qA 


,  0  <  T  < 


P(AB)  -  P(ABX)  +  P(AB^) 


P(A)  P(TD-na1|A)  -  pA  qj_1q£na/bl 


P<*V  P<TD  -  -TXT  ‘ 


n  ■  1>2 | . • • f  [x/a^] 
n  ■  1,2 , . . [t/ab^3 


FD  -  FIFT 


[t/a.3  [t/b  ] 

P^A£2)eAE2(t)  *  qA  qB  8(t*T) 

g(t)  -  P(A)  P(TD-na1|A)  6(t  -  na^  +  P(b)  P^-nb^B)  6(t  -  nb^ 
+  P(ABX)  P(TB  *nba^  |AB^)  6(t  -  nba^ 

+  P(ABg  )  g^(t)  . 

Example  li  Let  a.^  *  cb^,«  or  a  *  c  and  b  *  1,  where  c  is  a 
positive  integer  and  f_  ■  (i/t )e~^T  . 

P(A)  P(TD-na1|A)  -  ~  (q.Aq°  exp  (-a^x))11  , 

A 

P(A)  «  - - -  , 

exp  (a1/T )  -  qAq£ 

P(AB1)  P(Td  -na1|AB1)  -  ^  (qAq°  exp  (-a^x))"  , 


PAPB  qB 


exp  (a-j/x)  -  q^ 

[t/a^]  [tc/a^ 

^ - p- -  e-t/T  , 

{l  -  exp  (-b  /i))  [l  -  (q  exp  (-b  /x))c} 

nf  f.-o  »  _ _ X _  D  X 


e-t/x  f 


P(ABg  ) 


{1  -  q£  exp  (-b^/x ))  [1  -  qA(q£  exp  (-b  /x))c} 


A  &  C>2 


A  St  G2 


A  &  G2 


A  Sc  G2 


-  FIFT 


Example  2 ;  Let  a^  •  cb^,  or  a  ■  e  a ad  b  •  1,  where  e  la  & 

positive  integer,  and  fL  (t)  ■  (l/T)e*^c  (see  Example  l).  Also, 

*L 

let  P(A)  '  be  the  outcome  of  the  corresponding  unlimited  FD,  thus 


*  Vb 


jrai 


exp  (axA)  -  qAqg 


This  may  be  rewritten  In  previously  used  terms  by  Observing  that 
a1  -  l/rA  and  c  »  o^/b-^  ■  r£/rA ,  where  rA  and  r£  are  rates  of 
fire.  Thus, 


p{*i 

j!tr, 


1  -  Vb 


/  ,  rB'rA 

exp  [  1/t  rj  - 


rji 


1.0  2.0  3.0  4.0  9.0  6.0  7.0  8.0  9.0  10.0 


Example  ?;  Let  «  cb1  (c  is  a  positive  integer),  from  •which 
a  ■  c  ,  b  ■  1,  and  ■  t  (a  constant). 


P(A)  P^-najA)  -  (qAq«)n 


P(A)  -  PA  < 


1  -  Vb> 


tTA1] 


Vi 


>  n  “  1,2, . . [t/a^] 


>  *r  >  a. 


,  T  <  a. 


PaP- 


P(ABi)  P(Td  -nba1|AB1)  (qAq®)n  ,  »  -  1,2,...,^] 

A  B 


P(AB1) 


c-1 

PAPB  qB 

1 '  Vi 


i  -  (qaq£)  |  , 


T  > 


^*1 


,  T  <  a. 


.  .  [t/a,]  [tc/a.] 

P(AB2}  gAB2(t)  "  h  %  B(t-T) 

[V'a,3  [Tc/a  ] 

P(ABg)  -  qA  q. 


•B 


A  &  G2 


A2 


A&G2 


A2 


kit  Q2. 


A 2 


Example  hr  Let  a^^  -  cb^  or  a  ■  c  and  b  - 1,  where  c  is  a 
positive  integer  raid  TL  -  t  (a  constant).  See  Example  3.  Also  let 
P(a)^  be  the  cztcome  of  the  corresponding  unlimited  FD;  thus. 


INTERRUPTED  FIRING  -  DISPLACEMENTS 
XA  -  Xg  -  C  (SCME  CONSTANT) 

Simultaneous  firing 

p,  «  hit  probability  for  i 

l  for  i  «  A,B 

q,  *  miss  probability  for  i  ' 


FD  -  FIFT 


8a  «  "near  miss"  probability  for  i  ;  ^  ^  +  Bi  «  if  t  .  A#B 

A  near  miss  causes  opponent  to  displace  and  miss  one  firing  turn.  A 
contestant  is  vulnerable  during  displacement. 


P(A)  .  PA(1  •  *B)(1  -  8A*E  '  V 

^  "  SASB^PA(1  “  SB;  +  PB^  “  ®A^  ”  * 

P(AE)  -  W1  -  aA)(l  “ 

U  "  SAeB)[pAU*  V  ^  V1  “  V  "  ‘ 


Example :  Let 


1  *  SA  ' 


LB 


B 


^•b  * 


1  -  Vb 

"-•b  * 


then 


P(A) 


*(PA  +  PB  -  W  ’  °5<A’  PbS1  “4  *>!• 


(See  next  page  for  curves.)  N.b.,  for  Pig.  (a),  5  .  the 

curves  are  only  limits  «**-»•>,  the  solutions  are  actually  the 

points  on  PL*  1. 

£ 


B*  XA  "  *b  *  c  CONSTANT),  t  <  c 

This  is  the  case  of  alternate  firing  with  A  firing  first.  Let 
P*  “  hit  probability,  i  ■  A,B 


C93 


FD  -  FIFT 


C95 


pd-  put 


C9 6 


FD  -  FIFT 


P(A) 


PA 


1  -  M 


LA*B 


P(AB)  ■=  l-qIQ/,c]<l- 


PA  *B 


c-off  [a/c)c 


PA  *B 


(taAi)*c 


1  -  V»b  1  •  «*» 


lA*B 


where 


a  *  fTB/V  +  1  ‘ 


DUEL  WITH  DELAY 

Each  contestant  waits  until  his  last  round  has  landed  before  he 
prepares  and  fires  his  next  round. 

Let  XA  -  axi  XB  =  *>1*  tfa  *  i  T?b  “  (TF(Ji»TFB  -  fixed). 

The  results  are  the  same  as  the  no  delay  case,  A.  above,  except  replace 
a^  by  a^  +  and  b1  by  b^  +  Tg,  and  let  a/b  be  the  reduced 
ratio  of  (aB  +  T^)/(^  +  ^g)*  if  the  numerator  and  denominator  contain 
a  common  factor. 


MARKOV- DEPENDENT  FIRE 
FOR  A 

Ej  -  states  of  B,  J  *  0,1, ,.,,m 

Eq  -  A  has  B  as  a  target  (starting  state  at  time  zero) 


r»nrr 


FD-  FIFT 


E  -A  has  killed  E  (absorbing  state) 
m 

Ea  -  other  specified  arbitrary  states,  i  f  0,m 

-  P[B  goes  from  state  E,^  to  ],  transition  probabilities 

*  (l,0,...,0)  -  m  components  . 


Then: 


poo 

P01 

P0,m-1 

P0,m 

P10 

pn 

Pl,m-1 

|  Pl,* 

• 

• 

• 

1  • 

•  ♦ 


Pm-1,0  pm-l,l  *“  pm-l,m-l|  p«r-l,m 

»»  0  0  •••  0  I  1  < 


,  transition  matrix  . 


FOR  B 


Replace  E  by  F  and  interchange  m  and  />  A  and  B,  and  a 
and  b}  n.b.,  SB  will  have  different  transition  probabilities. 


C98 


FD-FIFT 


F13-  FXFT 


ClOO 


FD-FIFT 


1  ‘  Pa  “I  VI  *  9a  V1  Bm  '  I  »  »5j  -  ^  X  (lj ))' 


'■a'1  **  <  4i,/b]  j 


P(B)  '  P»  i(.  1  Vi  -  9a  V1  (I  -  V1  t, 


p»  "B  *  [Vl-  9a  fj1  «B  tl  -  if  X  (^)TJ-1 

AM  / —  y.  .  ™“*  /a 


•  (  £  pb'1  *b  "I  piib/l1 

N  .  „  -  MX-  MX*-  AM  «%M 


P(AB)  -  1  -  P(A)  -  P(e)  . 

Note:  In  1.  and  2.,  the  case  where  E  has  initial  surprise  may  be 
obtained  by  interchanging  A  and  B,  a  and  b,  and 
/  an«'  m. 


C.  BURST  FIRING 


{*  (fixed)  rounds  in  a  burst 

a  time  units  between  rounds  in  a  burst 
o  time  units  between  bursts 

B  -  b  time  units  between  rounds  (no  bursts ) 


C101 


PD-  TIFT 


Then 


f(i)  «  f(i  ;a,b,z,p)  - 


i*  the  number  of  rounds  fired  by  B,  while  A  is  firing  i  rounds 
and 


e(J)  ■  g(j»a,b,z,p)  » 


Jb  -  (o-  a) 

f  Jh-a  “1 

[_za  +  p  -  a  J 

a 

( 

r  * 

-  — 

m 

-Jb  -  * 

Jb  -  za 

) 

Jb  +  d  -  a 

(1 

*a  +  o  -  a 

za+  p  -  a 

rz 

za  +  p  -  a 

V 

) 

Jb  -  za 

Jb  -  za  -  o 

za  +  p  -  a 

za  +  p  -  a 

( 

\ 

L.  _ 

is  the  number  of  rounds  fired  by  A  while  B  is  firing  J  rounds, 
txl  is  the  largest  integer  <  x» 

1#  ^itial  Condition  Both  Start  at  Time  Zero:  A  Waits  a  Tim* 

Units  to  Fire  First  Round;  B  Walts  b  Time  Units  to  Fir* 
First  Bound 


P(A  ,  »A  *  n] 


FD  -  FIFT 


P(A) 

P(B) 

p(ab) 


00 


-  1  -  P(A)  -  P(B) 


where 


P(A)  may  be  approximated  to  an  error  <  by  truncating  the 
infinite  sum  at 

P(b)  may  be  approximated  to  an  error  <  Eg  by  truncation  at  Kg 
and  where 


N1  ■  mln  t1  :  "B  Pb(1+1>  'i  mA  PA  e»  <  El5  ' 
*****  *****  ******  ******  *****  ****** 

Ng  -  min  [i  :m J  Ff(j+l)  effi  pJ  e/  <  Eg}  . 


2 .  Initial  Conditions  Are  A  Fires  y  (Fixed  Number)  Rounds 
Before  B  Begins  (initial  Surprise) 

P[A  ,NA»n]  -  mj  tA  >  n  <  y 

****  *****  ***** 

T  .n-1  x  _T  pf(n-y)  _  s,  „ 

mA  FA  t  A  °B  ^  tt  •  n  >  y 

*+**  ******  AIN  AIN  MN 


cioj 


FD-FHT 


P(A)  -  1  -  nj  eo  +  ^  ®A  ^  PA*1  *A  ®B 


i-1 


P'B>  *  I  *SIB‘ltB*1I5AIA(3)«m 

.  _  *****  *****  AMM#  MM  MM  MM 

d-i 

p(ab)  -  i  -  f(a)  -  p(b) 

while  the  results  for  initial  surprise  by  B  are  obtained  by 
interchanging  A  and  B,  t  and  m,  and  f(i)  and  g(j). 


5*  Initial  Conditions  Are  A  Fires  Y  (A  RV)  Pounds  Before  B 
Begins  (Random  Surprise) 


Let 


(Pa  q^"1}  4a“l-p, 


y  *  1,2,... 
elsewhere 


and 


p  ■  probability  that  B  acquires  A  on  each  unanswered 
& 

round  fired  by  A  . 


Then 


F(A)  -  1  -  pa  m*  PA(I  -  ^  P.  r1  .  ♦  Pt  ml  P.(I  -  ^  P^-1 


Results  for  random  initial  surprise  by  B  are  obtained  by  interchanging 
A  and  B«  a  and  b,  /  and  m,  and  f(i)  and  g(j). 


i 


Approximations,  to  any  desired  degree  of  accuracy,  for  all  these 
probabilities  (in  C2  and  C 5  above)  may  be  obtained  by  taking  partial  sums 
where  infinite  sums  are  given.  For  example,  an  appropriate  stopping  rule 
for  P(B)  in  C3  is: 

stop  at  N  -  min  { j  :  p&  m£  ^  e£  mj  ^g(j+l)(l-  qa  P*)”1  ^  <  e]  , 


!!■'  i  v 


where  e  is  the  desired  bound  on  the  error. 
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FUNDAMENTAL  DUEL  -  CONTINUOUS  RANDOM 
INTERFERING  TIMES 
(FD  -  CRIFT) 


5i,. 


| 


PD 


FF  -  CHIFT 

Xg  Are  rv's 

P(A)  ■  I+2H(p,/I  V->V»>  v 
■  sir  /L  V->  V»>  t 
*  1  +  afe  /  *A<‘u)  V«>  * 


where 


«A(-u)  - 
P(B)  -  1 
P(A)  gA(t) 


P(A)  iA(u) 


Pa  <h(“U) 

1  -  1A  *A(-u) 


and 


V«> 


PE  *1 


1  -  q. 


B 


-  P(A) 


JiU. 


e'lwt  »A(w)dv  ]  j / 


e-lut[«B(u) 


■Ml 


«-ivt  »A(.)d.  j  |/ 


e"’iut  ®g(u)du 


u 


f  00  ^(u  -  w)[*  (w)  -  l]dw 


Ziri 


/ 

•  00 


_B 

w 


CRIrl 


,<•) 


l]du 


1 


1 


f  Mu  -  w)  ♦_(w)dw 


PA  qA 

KaT 


1  _L .  f  <i,A(u)  *s 

27Ti  JL  u 


(-u)du 


n-1 

’PA  qA  1 
~  P(A;  2Tri 


L.  f 

J  t, 


«(u)  *tJ(-u)du 


n  >  1 


FirN  I  a!  s  _i_  _1 _ 1_  ^  r  Vu)  V“u)du 

A  2n  )J-  - 


i  r  ±  il  r 

P(a7  pA  2iri  Ji 


^A(u)  ^B(-u)du 


pA 

P(A;  2  Tri 


L  [l  -  qA  ^A(u)]  u 


<^A(u)  ♦g(-u)  du 


u  tl  -  qA  u 


«»J  I  *1  ■  sm  -i  ♦ 


1  f  qA  PA  f 

toIit"  +  fn  <p>j 


<i>A(u)  ®B(-u)[l  +  q4  ^A(u)du 


tl  -  Qa  iA(u)]  u 


IrMlii  .V-  I  1.  a  lull—  ,_/■.■/ ,  :,\t.  L».*o 


*  apyxr&'ss^  r^rrxzzzz.'-. 


FD  -  CBIPT 


W) 


»  Pa 


f1+5A  PA  / 

iA(u)  *B(-u)[l  4  qA  iA(u)]du"| 

I - 

•d 

>rro 

i 

N 

=4 

c_ 

L  II  -  qA  4>a(^)35  u  J 

^.(u)  M-u)Il  +  q.  4.  (u)]du 


f _ 

P(A;  27Ti  [l-  qA  iA(u)]5  u 


no“1 


n.-l 


rr-  .  |,,  1  [V  PA  f’KM  V-U,I«A  Vu)1  °  du 

->  ”o'*>  Kn {—  - m  (p)j'  . - [T^r Twh - 


4A  A 


1  J  "o"1  A  /  -A 

?{aT  \  qA  "  2TTi 


r  <iA(u)  ®B(-u)[qA  4a(u)]  °  du 
L  [l  *  qA  4>a(u)]u 


-  PA  f  iA(»)  Vu,f«A  iA(u)1  0  du 
■5HTTCJn  ix-,AiA(u)]u 


P[K, 


,  ,  i  |  P[N,-l|A]  «A]  ", 

"1*1  ”  uTnt  i  1  -  - 7 -  .  ”  ■  0 


5!57t 

P^TTbT  {qA  pfNA*nlA]  P[A]  -  P[Na  -n+  1  |A]  P[A]  !  ,  n>l 


PIN. -n]  «  1  -  P[N.  -llA] 

A  Pa  A 


-  |p[NA«n|A]  -  P[Na  *  n  +  1  |a]  j 
-  P[Na  >  14  1  ,A]  -  P[Na  >  J4  l.  A]  , 


,  n  =  0 


*  n  >  1 


for  o  «  l 
00 


APIA] 


; 


FD  -  CRIFT 


A&G1 

« 


W1 


WS.A1 


(Note;  The  above  is  a  marginal  increase  in  F(A)  if  A's  initial  fixed 
supply  is  increased  from  i  to  j,  3  >  i  ->  ) 

Approximate ions 


l)  P(A)  * 


1  ka  ^  ^ 


(see  example  ^  following) 


where 


P*Vb*  *  ■ 


1a  ’ 


%44+  qB 


where 


rA  -  *«A] 


and 


rB  ’  E1Xb’ 


"a  ■  V[V 


and 


■  « V 


2)  P(A)  * 


P4  r 


A  A 


pArA  +  ¥B 


—  +  —  ) 

PArA  PBrB  / 


{ 


(aArA)2  -  1  (VB}  "  1  1 


2 

PArA 


PBrB 


J  * 


Example  1:  Let  XA  ~  ned(rA)  and  ~  ned(rfi) 


P(A)  - 


P4r 


A  A 


pArA  +  VB 


(two  different  plots  of  this  follow) 
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FD  -  CRIFT 


gA(t)  -  SgU)  -  (pArA  *  Vb>  «  A  A  ^  B 

.  _  .  _  -<WV BH 


P[A  is  alive  at  time  t]  * 


PArA  +  VB  * 


PArA  +  VB 


Sc2 


Ibe  Fundamental  Duel  with  Negative  Exponential  Firing  Times 


•  sinh  2rA  t(sinh  2rfi  t  +  cosh  2 r£  t) 


The  Fundamental  Duel  with  Erlang (2)  Firing  Tiroes 


FD  -  CRIFT 


i2qB  '  J-0 


f-l)3  e*2’'3''" 


i  +  i-4i/m  *an/' 


nrAV*  'B 


In  both  expressions,  the  product  term  in  the  denominator  is  1  if 


m  *  1, 


Example  U:  Let  hA(t)  -  Erlang(kjcr)  *nd  hgCt)  ~  Erlang(i;p) 


p[A]  -  1^  (k,  i)  . 

k5T£ 


Example  5:  Let  X.  be  general  and  XB  ~ 


ned(r£) 


P(A)  - 


_JaV^bV_ 

1  ■  V  ^*(irE  PB 


E[Ka  ,  A] 


PA*A(lrB  V 
11  -  «A  *A(lrB  V]‘ 


Sub-Example :  Let  X.  ~  Erlang(k,r. ) 


CU5 


FD  -  CRIFT 


II.  VARIATIONS  OF  INITIAL  CONDITIONS 

Let  P(A)f  ■  P(a)  for  the  fundamental  duel. 

A.  THE  CIASSICAL  DUEL 

A  and  B  start  with  loaded  weapons  and  fire  their  first  rounds 
aumultaneously  and  then  go  to  the  fundamental  duel. 


P(A)  -  rAqB  +  qAqB  P(A)f 

P(AB)  ■  pAPg  (both  may  be  killed  on  first  round). 
Example :  Let  XA  -  ned(rA)  and  Xg  ~  ned(rfi). 


P(A) 


WVb  *  r*) 
Va  *  Vb 


A  plot  of  this  follows  in  which  the  upper  end  of  each  contour 
terminates  at  Pg  *  1  -  P(A)  and  where  A  is  better  off  if  qBr£  >  rA, 

%  + l- 

B.  THE  DUEL  WITH  EQUAL  INITIAL  SURPRISE  (TACTICAL  EQUITY) 

One-half  the  time  the  duel  begins  with  A  sighting  B  first.  A 
then  fires  one  round,  which  alerts  B,  and  the  duel  then  proceeds  as  a 
fundamental  duel.  The  other  half  of  the  time,  B  first  first. 


CU6 


FD~CRIFT 


The  Classical  Duel  with  Negative  Exponential 

Firing  Times  W 


The  Tactical  Equity  Duel  with  Negative 
Exponential  Firing  Times 


mzk\ 


<*•  2r, 


The  Tactical  Equity  Duel  with  Negative  Exponential 
Firing  Times  (Continued) 


2:  Let  XA  -  Erlang(2,rA)  and  Xfi  -  Erlang(2,rB)  . 


1  _  )  (*'aVVb)I8V  (V  4)%1^rArB(rA+  rB)[ZrA+  (rB*rA)pB] 


2  'A 


(¥a*¥b}  +  4rArB(rA+ rB)(pArA4  Vb} 


THE  DUEL  WITH  UNEQUAL  INITIAL  SURPRISE 


Let  c i  equal  the  fraction  of  the  time  A  sights  B  first,  and, 
1  -  a  he  the  fraction  of  the  time  £  initiates  the  action.  Whoever 
starts  first  gets  one  round  without  opposition  and  then  a  fundamental 
duel  begins.  This  is  simply  a  generalization  of  Section  B.  above. 


P(A)  -  or[p.  q.  P(A)J  +  (l  -  a)n  P(a),  . 


tf»^wwa 


r  m^-'-’rrr.r  •  vo»-»  Iff  wir  * 


.  CRIFT 


TACTICAL  EQUITY  WITH  INITIALLY  LOADED  WEAPONS 


Each  contestant  fires  one  round  first, half  of  the  tine. 
However,  in  this  ease,  the  opponent  has  a  loaded  weapon  and  immed¬ 
iately  returns  the  fire  with  one  round,  thus  precipitating  the  duel 
if  both  survive  the  opening  engagement. 


r(A)  -  |  (px  +  4a»b  ?(A)f5  +  i  t4jPA  +  Va 
*  5  pA(l  *  «B}  *  Vb  P(A)f  • 


Example ;  Let  XA  ~  ned(rA)  and  Xg  -  ned(rB)  . 


PM  »  \  pA(l  +  qfi)  + 


Vb  Va 
Va  +  Vb 


RANDOM  INITIAL  SURPRISE 


Tg  *  rv  sighting  time  (not  necessarily  a  positive  rv) 

fs(t)  -  pdf  of  Tg 

«g(u)  *  cf  of  fT  (t)  . 

S 

The  sighting  time  is  a  period  during  which  one  contestant  may  fire  with 
impunity  at  his  opponent.  At  the  end  of  the  sighting-time  period,  if 
the  duelist  who  was  firing  has  not  killed  his  opponent,  the  fundamental 
duel  resumes.  A  positive  T,,  is  a  time  advantage  for  A  and  a 
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negative  Tg  is  a  tine  advantage  for  B. 


P(A)  -  bz H(p>  /"  •*(-«)  »B(u)  es(u) 

‘  ik  fL  V->  »s(u)  * 

■  1  +  2«  /„  *B(»)  ®g(«)  v 


Example  1;  Let 


XA  ~  ned(rA),  X£  ~  nedfrj 


B' 


,-*W 


^27 rc 


«.(»)  -  . 


P(A )  «  i  _  - - £___  m/Q\  ,  0 

2  loTH  +  731Tp 


where 


°PA  rA 


and 


P  *  c  p. 


'B 


T(y) 


-  *  ^  f  •-’ *  -  • 


Kii*  is  plotted  in  the  following  figure. 


PD  -  CRIFT 


III.  MULTIPLE  HITS  TO  A  KILL 
A.  FIXED  NUMBER  OF  HITS  TO  A  KILL 

A  has  RA  hits  to  a  kill  (Ra  fixed) 

B  has  Rfi  hits  to  a  kill  (R^  fixed) 


P(A) 


V*»>  £ 


where 


»A(u) 


'Aw 

«A  VU) 


Example :  Let  XA  ~  ned(rA)  and  Xg  ~ 


p(A)  -  Iq(Ra,Bj) 


where 


a 


pArA  + 


rA 

Vb 


Plots  of  this  expression  follow. 
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ned(rB) 


rnmmm 


PD  -  CFIFT 


B.  R;  AND  Rj  ARE  RV'S 


Let 


P[Ra  -  i]  -  £i 
We  have 


and  P[Rjj  ■  j]  ■  B^  . 


p(a) 


V-»>  Vu)  f 


where 


«A(u) 


"a  Vu)  > 
1  *  ’A  VU)  j 


Example :  Let  XA  ~  ned(rA)  and  X£  ~  ned(rB) 
Qi  -  (l  - 

•  (1  -  BjB*5"1  . 

We  have 


P(A) 


PArA(l"e) 

PArA(l  -  e)  +  PBrBU  -  8; 


Plots  of  this  expression  follow  in  which: 


K  - 


¥b 

Va 
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C.  RA  ,  Kj  FIXED  -  LIMITED  AMMUNITION 


P(I  -  1}  •  Qi  and  P[J  -  j)  -  p  ,  l,i  -  0,1,2, 


V1 


V1 


**> -m  I  V*“>  Vu)  t *  (  l  V  i  *,  l  <  i  Jp 


d  -  Rj  v-o 


r  V1  “V1 
•  *-(  1  v  I  «i  I  <t«v) 

L  1-0  i-S.  v-o  -j 


as) 


(  1  °1*  I  “l  1  ( ‘  )^'v ) 


i«C  i  -  Ra  **0 


v1  -  v1 

•  (  i  sj  *  I  9j  L  1  i  )pB  4”’ ) 

J-0  j-Rg  v"° 


iere 


P.  i,(u) 


I 


1  -  I 


i-RA  *- 


*A*A(u) 


(i  -  ra+i,ra) 


*B1(u)  is  the  same  formula  with  A  replaced  by  B. 


Example :  Let  •  (l  -  aja1,  0  -(l-p)^,  ij-0,l,., 


XA  -  ned(rA) 


and 


XB  ~  ned 


AND  Rj  ART  RV'S  -  LIMITED  AIMJNITIQN 


PU-i]-01#  i,;}«0,l,... 

P[RA-i]  -  ei  ,  P[Rb-j]  .  ,  i,j  « 

A)  “  2¥i  /L  *Al('u)  *Bl(u)  +  ?lh]u  ■  P(RAn 


ere 


PA  iA(u)  1J 

1  - 


3*1, 1)) 


‘a] 


i  •,[?•••  i ? 

J-l  Li-0  i-J  v-o 


i 

V 


i-v 

LA 


a)  -  P[RA]  pfRg]  . 

Example:  Let  ^  -  (l-a)a1  ,  Pj  -  (i-p)pJ,  ifi  .  0,i,2,... 

£i  ■  (l  -  E  )£  ,  ■  (l-  6)s^  ,  -  0,1,2, .. . 

XA  ~  ned(rA)  and  3^  ~  ned(rB) 


Qe  Va 

1 

PPB» 

rA[l  -  a(i-pA  ejj-t-  rBfa 

-  pu-pb  b;ji 

1  -  Pil  -  PB  5) 

- - P 

a  pA  e  1 

i  -  PU-  Pg  TT 

T-  au-p  e; 

FD  -  GROT 


Kv&Bl 


E 


P(AB) 


1  -  a 

1  -  P 

1  -  q(1  -  PA  e ) 

i  -  pu  -  Pg  »; 

.  DAMAGE 

1.  Damage  as  a  Function  of  Bound  Number 

See  FM-CRIFT  (page  C26  at  seq. )  for  definitions. 


Example:  (same  as  in  FM-  GRIFT,  page  (28) 


XA  -  «4(ia) 

and 

^  -  ned(rfi)  , 

pd  (o)  •  V 

A 

PD  (!)  "  PA  * 

UA  A 

V*0  *  7A  ’ 

A 

°A  +  9A  + 

7A  -  1 

• 

o 

w  m 

Pdb(i)  "  V 

-\(*)  ■  7b  > 

°B+  PB  + 

vB  -  1 

where  a,b  are  the  maximum  tolerable  damages  for  A  and  B, 
respectively. 


P(A) 


rATA  +  rA  PA  rB  yB _ 

Va  *  Vb  (rA7A  *  VbJ  '  [rA(l  -  oA)  ♦  rBYB)b 


rA7A 


, - - - . - Isis _ 

(rAVA  +  1W  [(l-OjJrj  +  rAYA]‘ 


*  (rA  V  (rB  V 


rA7A 


i.  <Va  *  rB7B)(rA  SA) 


Va  +  'b(1  ‘  V1 


C13E 


•"I'"  •zrfwr‘*\l’l  •  ’  1,1  lffT»l '  *  "  ’V/-:  ■  *i  •  .1  ‘ 


FD  -  CRIFT 


where 


V  /^-i-j+a-5 
i+J4b-2  '  -1  ^ 


(rA  PA}  [Vb  +  ^'°A)rA]  f(l"aB)rB+  (l*°A)rA] 


b-i-j-l 


i+J<b-l 


b- i- J+ a-2 


<rA  ^  ‘  VB  +  •  “a^  Kl  *  Vb  *  (1  - 


2 .  Damage  is  Time-Homogeneous 


Refer  to  FM-CRIFT,  page  C23,  for  definitions,  and  a,b  are 
maximum  tolerable  damages  to  A  and  B,  respectively. 


P(A )  •  coeff  of  series  (in  z  and  w)  expansion  of 

b-1  a-1 
z  w 


^A-V1' _ 

(l  -  z)(l  -  w)[p^  +  pn  -  zGn  (z  J  -  vGn  (wTJ  * 
VA  B  UA 

Example .  Let  pD  (l)  •  c*A  ,  pD  (b)  -  PA  ,  °A  +  pa  “  PA  » 
A  A 


Ij 


SJii 


PD{l)-aB>  PD<a)“V  °B+  Pb"  V 

B  B 


and  let 


*A  +  **B 


PA4  PB 


Hl'tc;1  j-v-ltcv 


1*0  j*0 


1*0  3-0 


ROUND-DEPENDENT  HIT  PROBABILITIES 
UNLIMITED  AMMUNITION 


Pn  *  P(h  on  n»th  round  |  n-th  round  fired) 


PN(n)  *  on  •  P(H  on  n-th  round,  n-th  round  fired) 


3„  ■  p»  11 ’  P"  A  V  "h,re  ,3*X'Vqo 


m 

Vu)  *  I  °ta*k(u)  { 


o.  ■  0__  for  k 
®  o  ,  k  *  A,B 

»iw  *  tar  k 


“  4k(u)  -  [i  -  ^(u)]  ^  ij(u)  n 


* 


/L  *  n  'jk 
i«l  j“l 


-  2k  /  V-“>  V»>  T  • 


-*S22i£_l:  Let  XA  ~  ned(rA)  for  A,  then: 

qAj  “  (f  ”  1  ^  a  ;  1  -  1,2, ...,h  , 


»  J  “N+  1,N+  2, . 


where 


a  -  N  -  1  i 


^*1  ,  «>o,  N,a  constants  . 


«A1  '  «A  ‘  »(»  -  1)  • 


*B  -  iwdtr,)  for  B,  p  * 


;B  »  constant 


-  rh  [»*(i^tX^;]w 


where 


Vb 


«J.:  Let  XA  ~  Erlang(2,rA)  for  A 


j  *  1*2 ,<<!,  , 

~  ned(r-)  for  B, 


Pr,  t*  constant. 


TV  -  CRUT 


P(A)  - 


(l  ♦  xf  -  (l  +  2x)  exp  (  l”+  *)] 
<!♦  xf 


where 


Example  j :  Let  X*  - 


*BrB 

ned(rA)  for  A,  then 


4AJ  J  ’ 


J  -  1,2, 


Let  X£  ~  ned(r^)  for  B,  p^  a  constant. 


x  +  1  «  exp 


P(A) 


1  ♦  x 


where 


¥b 

See  the  figures  for  plots  of  P(a)  which  follow.  P(A)  has  a 
lower  bound  /  0  .  The  bound  is : 


?(AU  • 1 


’(A) 


VrB 


‘A  ’  *B 

which,  for  (a),  (b),  and  (c)  in  the  figures,  are  .0695,  >1756,  and 

*551,  respectively. 


Cl  36 


FD  -  CRIFT 


Cl  1*0 


PD  -  CRIFT 


FD  -  CRIFT 


£2a£ple  Let  XA*'ErWnirA)  ind  Xg  ~Krlang(n;rB). 
P(A) 


f  n1  r  J‘1 

l  pai  n  ^Av  ^  pbj  n  *Bi 

i-l  vo  j-i  e-o 


BT.  )  nJ )  Bh5 


bVmb 


*  n 

3-0 

t .  Ammunition  Supply  a  RV 


i 


^  -  n 


*Ai 


i-0 


w 

P[I-i]  «  a  Z  a,  -  i 
i-0  1 


*  (u) 

Al 


P(A) 


■i->t 

i*l  n*=l 


and  P[J-  j]  -  p  ,  S  p  .  i 

J  J-0  J 


pAi 


2irl  y. 


V‘“>  V«>  V 


w 

I 


*  ’  s3  n  «,» 

J»0  4-0 


f  1 

-  I  «i  n 

1*0  v-o 


p(ab) 


Av 


■  (£  “1  n  vX  I  n 


i-0  v-0 


5-0 


qBi  y) 


Bh5 


Cl  51 


FD  -  CRIFT 


2 .  ned  IFT 1 s 

a.  Both  Have  Ammunition  Limitation;  A  Haa  k  Rounds,  B  Has 


Let  XA  ~  ned(rA)  and  ^  ~  ned(rB) 

C  *  rA  +  rB  '  tU 

'  rA(l‘  8i,/)+rB(l-  Sd,^-1U  • 


1*1 


for  n  <  l  and  m  <  k 


C15? 


Rounds 


+  1) 


i  +  1) 


1 


FD  -  CRUT 


Both  Have  Unlimited  Ammunition 


Let 


~  ned(rA)  and  Xg  ~  ned(r^) 


d 


i  J 


I  £  n  v»  ii  *  — 


-(r.+Ot 


i-0  j«0  v-0  4-0 


qB4  il  j!  t 


r1  r*J 
ArB 


00  00  j__3_  j 

P(A)  gA(t)  -  X  I  n  qAv  n  «BI  ;i-l')S  J!  * 
i-1  J-O  v-0  4-0 


i+d-1 


and  similarly  for 

P(B)  gg(t) 

00  00 

i-1  d 

p(A)  -  ^  £  PA1 

11  qAi  n 

i-1  d-0 

V-0  4“0 

and  similarly  for 

p(B)  . 

Example  1:  Let 

pai  “  TIT: 

rA  \V  rB  'f 

rA+  rB  '  \  rA+  fB  ' 


00  00 


.1 J 


F(A,  -  y  y  . — aim — 

i-1  j«o  ^rA  +  rB^  ^  +  1'*  ^  +  1^'* 


M1  +  %  *  * 


rB  Ik  .  rA  I 

,+  rB  “  rB  rA+  rB  / 


Example  2 :  Let  pA1  «  (l  -  a*)  and  Pg^  -  (l  -  p^)  . 

i U=l2  d(d+l)  r  id 

2  .2  I  rArB 


p(A)  -  ^  ^  (l-a1)  a 

i-1 


|>A*  V1+J 


FD-  CRIFT 


V.  TIME- DEPENDENT  HIT  PROBABILITY 
A.  GENERAL  TFT»S 
Let  i  *  A,B 

p^t)  •  P[H  by  i  |  a  firing  at  time  tl, 
qi(t)  •  1  -  Pi(t) 
cf  of  (t)  *  n^u) 

/oo 

^(v)  -  v)dw 

/oo 

^(v)  ^(u  -  w)  0Qi(u  -  w)dw 

^(u)  *  ^(u)  +  [^(u)  -  1]  ®oi(u)  , 

If  ^(v)  has  one  (not  necessarily  simple)  pole  at-wQi  in  the  lower 
half  of  the  complex  plane,  then 

/CD 

Gf(w)  ^(u  -  v)dw  (known) 

and 

«ot(u)  *  l  n  s1(u+ it”oi>woi)  • 

j-0  k*0 

*»>  ■  A  /L  v-»>  •,<«>  f  • 
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qB(t)  -  t  e  * 


i 


o  <  t  <  i,  5  >  o  ,  t 


nA(u)  '  P^IS'  nB(u)  ’  T^Iu 


♦a'-") 


1  -  u  e 


nr./p  f 


- 

Zj  k!  [u  -  i(rA  +  k  p 


tr*  J 


*B(u)  -  1  -  u  e 


SrB/p 


■  <->jw 

Zj  (u  +  i(r_  +  J 


p(a)  -  i  -  i(  ■£ 


“  V  nr, 


(  VrB  \  f  n,  SrB  * 

y—)X~~r) 


£  (-1)J[^(^/P]'(rB*  3CX 


r»  +  dC  +  r 


where  T(x,y)  is  the  Incomplete  Gamma  Function. 


Example  2 ;  Same  as  Example  1,  except  is  a  constant. 


P(A)  ■  1  ’  5  Vb(^J 

.  V  rA  +  ¥b  Va  \ 


rA+  ¥b 


x*; 


FD  -  CRIFT 


i  -  CRIFT 


be  such  that  r^(t)^t  +  O(At)  ■«  P[exactly  1  round  fired  in  (t,t  +  At)] 
i  -  A,B.  Means  both  firing  processes  are  non- stationary  Poisson. 


rm  ,  4  ,  -/£  tpA(n)rA(n)+ 

P(A)  -1  -J  pB(0  rB(Oe  0  A  A  -B  B  d{ 

/J  tpA(0rA(0  +  PB(OrB(()]dt 


P(A)  gA(t)  -  pA(t)  rA(t)e 


P[A  is  alive  at  time  t] 


-  1 


-P 

W  A 


-/q  fPA(’))rA(r))+ pT}(T1)rTJ(n)]dri 


PB(5)  rB({)e  'u  'A  '  *'■  B  B 


dt  . 


Hit- Probability  a  Function  of  IFT 
Let  PA<XA)  ■  PlH  |  firing  at  IFT  xAl  , 

PgfXg)  ■  P[H  |  firing  at  IFT  Xg]  , 

cf  qA^XA^  "  nA^u^  * 


with  a  fixed  ammunition  limitation  of  k 


V«> 


r  *  -  -]k 

A  /„  V«-«>  nA(w,d¥ 


<lA(xA)  "  1  “  PA(xA) 

qB^XB^  1  PB^xBy 
qB(xB)  “  nB(u) 
for  A  and  i  for  B. 


V“> 


- 

rrs^iuT 


# 


and  similarly  for  B. 
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“  2vtJ  CA1^_U^  CB1^U^  u‘ 

L 

+  (  I0  Vx)  fB(x)dx)  {  1  '  J0  «A(x)  fA(x)ax] 
P(AI.)  -  (  j  «A(x)  fA(*)4*  )  (  Jr  ?£<x)  fB(x)dx  . 


\  u  c 


Example  (Both  Sides  Unlimited  Ammunition); 

Let  X.  ~  ned(r.  )  and  X  ~  ned(r  )  , 


qjx)  «  e 


and  qp(x)=e 


-p  v 
E  ' 


rAPAl(rB  *  Ct)(rB  *  PB*  V  CA}  *  rAC’A  ~  rIpB] 
,rA*  VipA  +  VlrA+  PB,(rB*  V 


P(AE)  -  0 


LIMITED  AMMUNITION 


AMMUNITION  SUPPLY  A  RV 


A  draw  occurs  if  both  run  out  of  ammunition 

00 

P(l  *  i)  “  °i  >  P(l  *  00 )  ■  and  Qw  +  a 

P(J  -  J)  -  Pj  ,  P(J  -  *)  -  Pw  and  Pro  +  5 

P»  <Mu)  r  v  4 

*ai(u)  ■  I  -  qA^u'J  i1-  1  Qi(  Wu)1  ; 
*..(u).  3^2.  Ji.  \ 


s 


-  CRIFT 


i  (  B  IL 

?fl)  \  s2  2iri  J  L 


fCH 


PJ  1b  S2 


-  m  I,  12(u)d'1J 


2  -  I  °1  i)  ~Tk  1  iQllA-  1  l2  “i9* 

L  PA  V  1-0  A  1-1  1-1 

[(u>  .  tA<u)  J  |\.  L^wi* 

V  ’  [l-1AVuJ)ut  ll  -  q,l.(u))2  L  h 


aa  «, 

rxrrr  1  i(,i(,»Vu,)i  ‘  1  iZ  °i(,»A(u))i  j 


P(NA>n0lA)  “ 


f*a7  {  K  1  +  1  P3  "b 

1  J  Q 

Jk  f 

Ka7  \s5 

2rri  JL 

p&rl  L 

6 .  S,  - 

wt  B  5 

IT(u) 


*A(u)  V'u) 


1  V1  1 ' 

i=0  L  J 


Va(u)) 


a  £  fJ  4 

P^A-nlAE)  .  -'--A-^ -  ,  n>0 

,  ,  ,  P(N.  -l|A)  P(A) 

pCka -h|b)  1-  P(Ma-o|ab)  P(AB) - — - - 

^  A 


qA  P(NA-n|A)  P(A)  -  P(Na  »  n+  1 1 A )  P(A) 


57p(bT1 


"  PA  pCNA  -  n  |ab)  p(ab)  :  , 


pA 

P(A) 

PA 

l - 1 

Let 

X.  ~ 
A 

and  Xg  -  ned(rB! 


q,  -  (l-aja1,  a  -  0  ;  P  -  (l-  p)pJ  ,  P„ 


Example  2 


Example 


f(ab) 


1  *  f  (1  -  P) 

1+0  /  (l  "  P^tj 


Example  U:  Let  XA  ~  Erlang (2 , rA )  and  ^  ~  Erlang (2, r£)  , 


a  *  (l  -  aja1 ,  aB  -  0  ;  p  ■  (l  -  P)P  »  P®  “  0 
i  « 


°P  ?A^B  rA 

i-(q. 


(1  -  «lt)r2t  -  (l-NB)r„*  VVV _ 

[(X.onA)r®.  (1  -  %)rZE]2  +  i‘Vb<V  rB)1(l '  “VV  (l'P'1B>r 


a(l  -  P)pfl 


.  .  (i  -  a)(l  -  p) 

p(AB)  c  (l  -  aqA)(l  * 

Example  5:  Let  XA  ~  ned(rA)  and  X£  ~  ned(rE) 

Of  -  (1  -  0f)(l  - 


0  <  Q  ,  P  <  1 


Pj  -  (1  -  P»)(l  -  P)P^ 


P(A)  -  - — 


(l-pj(l-p)  r  (1  -aj(l-a> 


1  -  o*li 


Poo  PArA 
*ArA  +  VB 


FD  -  CRIFT 


(l-Q)(l-oJ(r.  +  Pprp)"l  P.P*  r. 


1  .  °°  A  *B  B  *'A*B 

rA(l  '  +  PBrB  +  (l  -  ^B;[PAFA  +  rl 


.  f  (1  -  g)(l  -  gJ[rA  ♦  rB(l  -  ^ 

l  '  rJTT "oqA)  +  Vi^l  j 


P(ka  *n|A) 


n-1  p 

pA  «A  r 


a  +  (1  - 


a  Jo11 

00 


(l-pj(i-e) 

1  -  P<1t3 


+  e  r-jA-  y+ 

"  ‘s  rA  "  PBrB  / 


r.  ,n  P(l-3jp. 


1  -  Pq. 


rA  +  rB 


Example  6:  Let  X.  ~  ned(r,  )  and  X_  ~  ned(rj 


i  =  0, 1,2 , 


e.  ■  i»  =  o 

c 


,  i  =  k+  l,k 


,  ?  -  0,1,2 


tli—  !  .  [('  _L_  \  f1  t  °  qA  rA  ,1' 

+  ^Rrp  ,  1  +  a  /  '  r.  +  t)_r_  / 


'■ZVr. 


FIXED  AMMUNITION  SUPPLY 

Let  0,  *1,  Ol»  0  ,  and  Q.  *  0  for  i  k  , 

X  w  1 

*=  1  »  B  0  »  and  ■  0  for  t  t  t  . 


P(AB)  *  q*  qg  • 


The  marginal  increase  AP(A)  in  P(A),  by  increasing 
initial  fixed  supply  from  i  to  j,  is 


Example  2 ;  Let  XA  ~  ned(rA)  and  ~  ned(r£) 

yi)  O»*0|  Qj  -  0  for  1  i  k 


Pw  -  1,  pj  -  °  for  ;}  -1,2,.. 


?A  rA  f, 
^A+*BrB 


Vb 


fA  f  ” 
*  Xk)  ^ 


p(ab)  -  0  . 


Now,  If  P(A)y  is  the  outcome  of  FD  with  both 
and  if  P(a)  is  from  Example  2,  then 


FD  -  CR3TT 
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IK 


"  m  jL  cai(-u)  Vu)  ~ 


00  00 

(  1  ’  L  ai  qA  jf1  ‘  I  4b)  +  2?i  i.  *E 


I  ai  4  *  I  pj  <4 

i-o  j-o 


\  i  v 

Z  “l^A  A  PJ 

i-o  j*o 


WEAPON  FAILURE  (RELIABILITY)  -  DEPENDS  ON  NUMBER  OF  FIRINGS 


Failures  occur  only  at  firings.  This  may  be  interpreted  as  a  duel 
with  ammunition  limitation. 

Let  K  ■  rv  round  number  on  which  A  has  a  failure 
L  ■  rv  round  number  on  which  B  has  a  failure 


NO  WITHDRAWAL 


Whenever  a  contestant  discovers  a  failure,  he  cannot  withdraw  and 
remains  a  target. 

Failures  are  Detected  on  Same  Round  on  Which  They  Occur  - 


Weapon  Fires  and  Simultaneously  Fai-LS 


Note:  This  is  the  same  as  the  FD-  CRIFT  limited  ammunition  duel 


where  K  *  I  and  L  ■  J  . 


Failures  are  Detected  on  Next  Round  After  Failure  Occurs 


This  is  the  same  as  running  out  of  ammunition  on  the  k-lst  round 
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PD  -  CRIFT 


and  discovering  it  at  the  k-th  attempt  to  fire.  Note :  This  is  the 
same  as  the  FD- CRIFT  limited  ammunition  duel,  where 

K  »  I  +  1  and  L  -  J  +  1  . 

B.  WITHDRAWAL  AFTER  FAILURE 

1.  Failures  Are  Detected  on  Same  Round  on  Which  They  Occur  -  I.E.,  Failure 
and  Detection  are  Simultaneous  (Withdrawal  Is  Immediate  and  Causes  a 
Draw) 

Note :  This  is  th'S  same  as  the  FD-  CRIFT  limited  ammunit1*  duel, 
with  withdrawal,  where 

K  ■  I  and  L  «  J  . 

2.  Failures  Are  Detected  on  Next  Round  Attempted  After  Failure  Occurs  - 
At  Which  Time  Withdrawal  Occurs  (Causes  a  Draw) 

In  thiB  case  Section  B1  above  cannot  be  adapted, 
a.  Failure  probability  a  constant  on  each  round 

Let  pa,pb  *  Probability  of  a  hit 
q^,qB  *  probability  of  a  miss 
UA,UB  *  probability  of  u  failure 

then 

pi  +  qi  +  ui  "  1  "  A>B  • 


A1 


HW5  *l*A*0VUI-AIHn!,AWE«N7*«"f7rT  Tftt  \  -  -.•—  - 


FD-  CRIFT 


i  r  ^A(-u)^B(u)  -  llau  „  *B  [“  X. 
1  '  W‘  J..  »  -  Iff2  J.-  » 


•7 


“  *B(u  +  w)[*B(w)  -  13 


(\(-u  -  w)  -  dw  < 


P(A)  ■  m  L  v-u)  Vu'  T 


du  + 


f*B(w)  -  1] 


PB  k*  J  L 


■a 


*  (u  +  w)  ♦  .  (»u  -  w)du 


P(AB)  ,  -A-  [  t  („u)  Mu)  ^  +  -A_  [  *  (-u)  < 

P  27i  ^  L  A  "  U  •"  r  B 


PB  2n  u  L 


A\  u  / 

u 


I*B(w)  -  1]  /  r  ♦  (u+w)  <>  (-u-w)du 


w  ‘r  "L 


(J 

v  r 


Up^A  f  /  f  iA^U+W^  CB(”u"w)du  ^ 

+  „  «  hJ2  J t  v  (  «  y dw 


¥b  4  L 


Example :  Let  X  ~  ned(r.  )  and  X..  ~  ned(iv)  . 


P(A)  - 


PA  rA 


VrA+  VrI 


UAfA  *  Vb 

lpA  +  VrA  "  (PB  *  VrI 


FD-  CRIFT 


*  *A(-u  -  w) 


1  - 


°K.(qA*A(-u  *  w)1 
A 


f  } 


dw 


p(A3)  -  A  JL  °NAt'JA,i'A(-u)!  Vu>  f+ ■$-  L  -■*b(v!  ' 11 

PB  L 


u 


*B(u+  w) 


1  - 


°N  [qB*B(u+w)] 

B  _ 

™q^(uTw] 


\'Oa*a'-“  -  *»  £  }  «■ 


U.(»)  -  i] 


m  IL  y  W-»  KM  t +  ixt  J, 


pA 


T2, 

A  6 


U 


♦A(u+  w) 


^N,  ^A^A^U+ 

A  _ _ 

qAiA(u  +  w ) 


GNT,[qB^B(‘U’w)]  ^  j  dw  * 


B 


VIII.  LIMITED  TIME-DURATION 

A  draw  occurs  if  time  runs  out. 
A.  TIME  LIMIT  A  RV 


Let  T^  «  a  time  limit  rv 


fT  -  pdf  of  Tl 


9(u)  -  cf  of  f  (t)  . 

L 
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iUav kju. -*■ jrfltAilhn'i'  I  tt  LLt'ViW  -.  -l-- r- 


miA  .JU.i  ,A  V  h 


*  .  ,i  JMf: 


P(A)  ■  A  J 


klT  -  » 


"  ^A(u-  w)[*B(w)  -  lldw 


&  l 


[  Skul 
J  ft  U 


♦A(u  -  v)  <>B(w)dw 


p(ab) 


1*7 T  -  00 


*  [*.  (-u)  -  1]  /  r  ®  0(u  -  w)[<L  (w)  -  l]dw 


wAv-u;  -  li  /  /""  oiu  - 

«  u «  * 


♦  (-u) 


jl  r  v: 

Utt2  u 


0(u  -  v)  ♦  (w)dw 

_ _ B 


Let  eA(t)  ■  pdf  of  Te  |  A  wins, 

g^t)  ■  pdf  of  Td|ab,  (a  draw) 

♦A(u)  *  cf  of  gA(t)  and  *AB(u)  -  cf  of  g^Ct)  . 


i  ; 


P(A)  g.(t)  «= 


f  “  -iwt  ,  %  1  I  r  00  e“iut[0  ( u)-l]du' 

I  e  ♦A(w)dw  J  /  - - - .  Fj(t) 

A  n  u  j  tl 


-iwt  ,  v  >l  (  f  e"  U  'Mu)du  1  P 

e  *  (w)dw  ,  J  - -p -  FT  (t) 

A  -  l  UL  u  -  TL 


C  V“-“) 


*  t*  (w  -  v)  -  l][©(v)  -  l]dv 


vlv-  w, 


P(AB)  gAT3(t) 


fT  (t) 


L  t  j  r®  e  iutt*A(u)  -  lldu'!  j  r  *  e”ivrt[*B(w)  -  l]dv| 


p(ab)  tAB(u)  *77  J  ^  fl(u*tf^  J  a  v(v  - ”w1  J 


1 

,  2  .n  , 
Utt  i 

1 

s:  /„ 

.  2  ,n 
Utt  i 

1 

S'. 

in?  ln 

V^V  -  VJ 


w  (w  -  v)fQ(v)  -  l]dv  " 

_£ - , - . -  I  dw 

v(v-w;  j 


*  (w  -  v)  -  l]  e(v)dv  'i 

_B - - - - 1  dw 

v(v  -  w;  , 


du11 


P(AB)  u  (AE)  «  — 2 
n  Utt 


qn  j[ 


9(n)(-v) 


[*A(w-  v)  -  l]  [*B(v)  -  l]dv 


VIV  -  W/ 


‘~T~^J  e(n)(_w)1  / 

Ut2  in  ^  L 


[•A(v  -  v)  -  l]  *B(v)dv  'I 


v^v  -  wj 


r  *  y  x  .  r  *  (w  -  v)[$_(v)  -  l]dv  ' 

i_  /  9(n)(.»)J  /  -4 - -  I 


FD  -  CRIFT 


1 

Example  1 :  Let  ~  ned(rA)j  ~  ned(r^)  and  f ^  (t )  ■  —  e 


P(A) 


PA  rA 


PArA  +  PBrB  +  7 


and 


p(A£) 


jlZl 


PArA  +  Vb  +  ? 


A2 


eA(t)  ’  gAB(t)  ’  vPAV  Vt*  t  J* 


A8cG2 


Example  2  :  Let  XA  -  Erlang (2 , rA ) .  X£  ~  Erlang(2,rB)  and  fT  (t)  ■  ^ 

L 

(  »ArA  *  vl  )*  %{  rA  +  rB  ,)  +  T  (rA  +  2rB  *  £ 


P(A)  «  p  r 


A  A  \  r 


Va  *  Vb  "  2  rArB  +  T  frA  +  rB  *  Tn 


2  2 

“  UqAqB  rArB 


2  / 


VV  1 


p(ab)  =  — 


x  Va;\VC/  VbVb'FT/  (rA*  rB*rf/(“’rArE"'^T^*^y 


Va*  Vb  4  2rArB  +  $\rA*  rB*  A  ) 


1  \ 


“ITS" 


\ 


A2 


,  2  2 
*  ^Clr,  r.r_ 
A^B  A  E 


P(A)  g. (t ) 


2pA  rA  “t2  (rA+rBK(lA)]t 

r-  1  ">  e 
V  qA  qB 


8  inh  2  rtf'  qA  t 


•  f  s inh  2r£  t  +  -T^  cosh  2r£  t 


P(A)  ^(A)  -  - 


rA 


2  r- 


[2ra  +  2rB(  l-Nq7)+i](l  +  v^) 


«B  »-(!2--a  -  2rB(  1  -  ' 1 1B')+  i  l2  -  Av4,a  1 
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.  nv-e-  f ;  - 


^BgaaoBg 


■.’W 


FD  -  CRIFT 


l2V2rB(  " 

([!rAt2rB(l*^)*ifa4f  . 


FIXED  TIME  LIMIT 


Let  T.  «  T  ,  a  fixed  number. 
L 


P(A) 


_i_  r  <«,tTU 

liTT2  Jmrn  U 


1) 


4rr' 


*A(u  -  w)[<*g(w)  -  l]dw 


du 


Utt 


j: 


(e'1Ta  -  1) 


u 


*A(u  -  v)  *B(w)dv 


; 


du 


P(AB) 


kif  » 


I 


t*A(-u)  -  l] 


u 


*  e 


ll(“  •  w)[*B(w)  -  l]dw 


; 


du 


edTu  ®A(-u)du 


W2  '-'u 


r  e“iTw  *B(w)dw 

JL  v 


i  |  f  lw*  1  ,•  f  "  e'iut[®  (u)  -  l]du 

p(A)sA(t’  -&u.  *  v-HU.  — 4 — 


4rr2  i 


e"iVt  VwJdw] 


iUt 


u 


»  t  <  T 


*  P(A)*.(u) 


1*7T 


/:  vu- 


w) 


iv'f 

{ 

v(v  -  w) 


*  *B(w  -  v)  -  lHe1  -  l]dv 


} 


dw 


-t)  f  r- e”iut[*A(u)-l]du^  ,  r- e’ivt[«  (w)-l]dw 

F(AB)8lBh)-%^4 - ^ -  M  - Z - 


FD  -  CRIFT 


6(t  -T ) 
k? 


«*iut  «A(u)du 


u 


1 

j  L 


e'iwt  ♦JvJdT*  i 


_ B 

w 


j.  t<* 


P<“>*AB(u) 


i  r*  Ku-vhr  r"[*A(w- v)  •lHVv)-lli",i 

7J..  1  iJ.. - 7T7T-^ - j 


dw 


P(A)  U  (A) 


Utt 


hi.  t(h-hl: 


m  t*g(v  -  v)  -  l][eiva  -  l]dv  'I 


’(v  -  w) 


dw 


hi 


U 


*B(w  -  v)[e“iva-  l]dv  1 
v(v  -  w)  J 


lere 


A 


d”  *A(u) 
dun 


Tn  r- 

P(AB)  u(AB)  -  — p  / 

n  4tt  « 


•ivr  f  /  *  [VW  *  v)  *  lH*B(v)  -  lldv 

.  v(v  -  w) 


1 


dw 


ji  r 

i- 


-iwT 


U 


♦A(w  -  v)[«>B(v)  -  lldv  ^ 
v(v-w)  ! 


dw 


Tn  r 

u  i. 


-iwT 


[♦A(w  -  v)  -  1]  <>B(v)dv 
v(v  -  w) 


dw  . 


A&G2 


# 


Let  g(t)  «  pdf  of  T_  | 


then 


g(t)  ■ 

■ 

where 

Example 

F(A)  « 

P(AB)  = 

«A(*)  ' 

X 

gAB^ 


gA(t)  P(A)  +  gB(t)  P(B)  +  Ba£U)  P(AB) 

hA(t)  ^(t)  F^(t)  ♦  VD  Hj(t)  fyt)  ♦  fTL<t)  Hc(t)  nc(t) 


(t)  -  1  ,  t  <  ?  , 

L 


0  , 


t  >  T  . 


J.;  Let  X.  ~  ned(rA )  and  X_  ~  ned(r_) 


B 


PArA  -^ArA+PBrB)T  , 

11  -  e  J  , 


pArA  +  pBrB 


’(pArA+PBrB)T 


/  V  -<pArA+VB)t 

<Va  *  Ve> 


1  -  e 


o  <  t  <  T 


t  >  T 


*  5(t  -  t)  . 


Example  2 ;  Let  XA  ~  Erlang (2, r.)  and  X  ~  Erlang(2 ,r  )  . 


(A)  -  P(A)f  i - -_A — Y  sinh  a+J^  cosha^sinh 

A  B 


qg  cosh  £3 


PArA  Vb  cxpf^(rA+  rB)J _ 

qAqB  ^pArA  “  pErB  ^  +  4rArB^rA  +  rB^PArA  +  pBrB^ 


p(Q,Ej) 


F(Q,0) 


2  o  2  ,  ? 


JArA  "  ®BrB  "  2rA  +  2rB^  fiinh  Q  slnh  & 
+  2  *^qBrB  ^rA  +  rB^  Binh  a  cosh  P 
“  2  s/qArA  ^rA  +  rB^  cosh  °  slnh  P  > 


2T  rA  '^A  &nd  P  ■  2t 


BVqB 


(pArA  -  vl>  *  ‘,r»<ra  +  O 


(pArA 


B  A  B ' 


"  PBrB}  +  4rArB(rA  +  rB)(pArA  +  Ve^1 


exp[-2T (r .  +  r  )]  P  *i  r 

P(ab)  ■  _ _ _ A _ B y J  r—  I  r 

~~  J—-—  sinh  Q  +  cosh  a  sinh  3  + 


'vqT,  cosh  S 


FD  -  CRI 


P(A)  ■  outcome  of  Example  1,  Tt  a  rv  ,  above, 


I: 


P(A) 

KaT 


)  T^PArA+PBrB^ 

-  •  (,m  dotted  curve  b.iow) 


(b)  Let  p(A)y  be  as  (a)  above 

P(A)  ■  outcome  of  Example  1  above  where  is  a  constant 


p(a )  ,  -(PaWb)'1  ,  „„  v  ,  , 

r,7‘-T~"  e  1  -  e  (see  solid  curve  belcv) 


0  1.0  2.0  3.0  4.0  5.0  6.0  7.0  8.0  9.0  10.0 


T(PArA+fVB) 


The  Effect  of  Time-Limitation  on  the  Outcome  of  a 
Random  Firing-Time  Duel 


. . ■■■... . '' 


TTT''7Tmi’iP'^'  “T71  "PI*n«|i|TO  KIWV  ^-.l-— U,»'H  J.T  1 1-^,1  f  m  tf.mm-.i 
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IX.  TIME-RELIABILITY  OF  WEAPONS 


This  may  also  be  interpreted  as  the  duel  with  time-limitation  where 
each  side  has  a  different  limitation.  XA  and  are  rv's,  and 
TLA  *  ^  time  for  A»  i»e.,  tine-to- failure  (time  limit) 


hT.(t)  -  pdf  of  T. 


©A(u)  -  cf  of  hu(t) 


Similarly  for  B. 


A.  NO  WITHDRAWAL 


When  a  contestant's  weapon  fails,  he  cannot  withdraw  and  remains  a 


targe-1 


1  f"  *A(-u)[«A(u)  -  13  t  1  f“y-w)[#Jw)«l](iw' 


2  Tri  J 


1  r  i  f  r  V-u  -  v)[cE(v)  - 1]dv 

87T5  i  «  U  V  »  V 


-1  ) 

/ 


(  r  00  *A(u  -  w)[©A(w)  -  l]dw 


\  09 


P(A)  ■  sfe  / 


♦  (-u)  ©. (u)du 


2-/T1  J 


*B(-w)  ©B(w)dw 


—  f  l(  [ 

87^i  u  \ 


•B(-U  -  v)  ©B(v)dv 


Z'  f  ©A(*)dw  ^ 

*  \  ^  L  7  ~  / 


*  vlt  a 
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P(A)  - 


P(AB) 


PA  rA 


PArA  *  \  +  VB  *  ^ 

V  \ 

Va  +  \  *  Vb  *  \  ' 


2.  When  a  Contestant’s  Weapon  Fails  He  Withdraws  When  He  Mext 
Tries  to  Fire  and  Discovers  a  Failure 


P(A) 


*B 


Pb 


167t 


CHI 


u)  -  l] 


<*B(v  +U-  p ) [ Og ( D )  -  l]do 


.  «• 


eA(v)  -  i] 


♦.  (-v-u-w)  -  *.  (-U  -  w) 


; 


1 


dw  )  du  j  dv 


~u )  -  l] 


a 


04  *.(u  -  w)[e.(w)  -  l]dw 


; 


du 


P(A) 


*B 


% 


l6v 


[ 4>B (u  >  - 1] 


u 


*jj(v  +  u  -  o)  eB(o)do 


; 


*A(-V-U-  o)  eA(w)dw 


u 


r  *A(u  **  v)  ©A(w)dw 


w 


; 

; 


du  j  dv  + 


du 


^(-u) 


jl  f  V; 

kv2  J  \J  U 


P(AB)  «  1  -  P(A)  -  P(b)  . 

Example ;  Let  XA  ~  ned(rA)  and  Xg  ~  ned(r£)  , 

TLA  ~  ned(\)  »nd  T^g  ~  ned(Xg)  . 

P(A,  .  Va(Va  +  V  rB  +  V 

Va  +  \  +  rB,(VA  +  AA  +  VB  +  V 
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) 


Tl, 

A6 


Tl 


•'?  yt-AjV;* 
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*( - “s-r-  )<*♦ 

v  Va+Vb+t-1u/ 


Pa  r 


A  A 


Va 

Vb  +  rlu^VB+rA+rlu 


,  .  .  —  PBrB  \(  ^BfB 

PArA+PBrB+(1/T)“iu  \  *£  4.  1  <  1 

-----  -B  B  -  ^  v  PArA  +  ^  -  iu  '  \  pAr*  +  r„  +  r- 


PArA+  rB+  ?'iu 


V  WWWj;  ,(i,k>}‘ 

v  a  )  ) 


; 


Special  Case:  B  has  unlimited  ammunition. 


P(A) 


PArA 


PArA  +  PBrB  +  T  L 


qArA 


PBrB  +  rA  +  T 


i) 


Bh3(3)  P(AB)  = 


_ 111 

fi+  PArA 

(  ’A1*  f  1 

Va  +  Vi  +  ?  ■ 

L  v.*i 

^  Vb  *rA*T  - 

XI.  INTERRUPTED  FIRING 

A*  FIRING  WITH  WEAPONS  WHICH  FAIL  AND  CAN  BE  REPAIRED  (REPLACED) 

Each  contestant  fires  until  he  hits  or  his  weapon  fails.  When  a 
weapon  fails  it  is  repaired  (replaced)  and  firing  resumes.  Time-to- 
failure  is  an  independent  rv  and  time -to- repair  (replace)  is  an 
independent  rv>  When  his  weapon  falls,  the  contestant  is  still 
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vulnerable.  The  process  continues  to  a  kill. 
Fixed  Ammunition-Limitation 


rv  time-to-failure  for 


2  rounds 

for 

B 

is 

tla 

nedCr^) 

is 

tlb 

ned(rLB} 

for 

r 

is 

tca  with 

cf 

eCA(u) 

l  B 

is 

^CB  Wd-th 

cf 

®CB(u) 

A  “ 

iu)  i(u  + 

irLA} 

(u)  =  _  _  A  LA  '  •‘la 7  _ 

^  '  1A  ‘  iu^1  "  qA^A^U  ifLA^  '  "  <MU  +  irLA]0?-A(u^ 


1  - 


(rLA-iu)  VU  +  **uK 
{t1A  '  iu^  *  W1  -  <M*  +  ir^JC^uj 


laj"£a' 

-lk\ 


0* 


Vu)  +  »A 


3(A) 

’(AB) 


2«  I,  v-u,vu,t+  %i1  ■ 


k  2 
%  % 


a.  A  has  unlimited  ammunition  (k  ->  00 ) 
B  has  a  fixed  supply  of  2  rounds 


r»i  ox 
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Then 


^  f  y-»>  v«>  V  +  4  ■ 


and 

p(ae)  ■  0. 

Example  1:  Both  sides  have  unlimited  ammunition.  Let 

X.  ~  ned(r.)  and  X  ~  ned(r  )  , 


T£A  ~  ned(r7,A )  and  T- 


CA' 


kCB 


nea(rCE)  ' 


P(A )  • 


rCA 


rCA(pBrB  +  rCB  +  rLB)(r5A  *  rLA  +  Vk  *  'riB  *  rLB  +  Vb1 
+  (pArArEA  '  VBr5B)(rCA  +  VB5 


‘(pArArCA  *  Vb'Eb1  +  ( VA+  rCA+  rLA)(pEV  rCB  +  rLB)(pArArEA  "  WEB7! 
+  pArArEA(pBrB  +  rEB  *  rtB>2  *  p£rBrEB(pArA  +  rEA  +  rLA^ 


Example  2  :  B  is  failure- *ree  (no  failures).  Both  sides  have  unlimited 
ammunition.  Let  XA  ~  ned(rA);  X£  ~  ned(r£);  Tja  ~  ned(rjA). 

PArA(rCA  +  pBrB) 


P(A) 


(pBrB )  *  WpArA  +  r5A  +  rLA)  +  Va^A 


\  F  'rLA  iu)  *(u  +  irLA)qA  .  “1\ 

LQ1  (tu  -  iu)  -  ruL  1  -  4a(u+  j  + 


00 

Vu)  *  Z  °i4 


™  ■  5H  /  *Al(-u)  Vu)  f  +  Z  4  (  1  -  Z  “i  4  J 


P(AB)  -  Z  I  ^<4  • 

i“0  ,3=0 


B.  BOTH  SIDES  OUT  OF  CONTACT  PERIODICALLY 
1.  Three-State  System 

Let  X^  ~  ned(r^)  and  ~  ned(r^).  The  system  cycles  through  three 
states  repeatedly,  until  a  kill  occurs.  States  are: 

(1)  Combat  (Contact),  C  , 

(2 )  No  Contact,  C  , 

(3)  searching,  n 


r— is 


Ga&Sl 


71  l*P  ft!  W"  ,.'!“*■•  J'iT-’lPv- < '""“'T'-'''  '■>  •  “  I";  “  1“  •  l « ■  i 


FD  -  CRIFT 


V°n> 


,  ,k  (rB'>B)/‘1  (r!r.) 

’  Pt^^aO  - - 


fcf/ 


“B  B  AHA‘ 


,m-l 


du 


m-1 


(OjOjOj) 

k  +  i  -  1 


kfi 


,  where 


(  k  _  1  )  pBrB(rA4A)k  (Vl)W  CkM 


u  *  ct 


n 


2 •  Four- State  System 

Let  XA  ~  ned(r^),  X^  ~  ned(rg).  The  system  cycles  through  four  states 
repeatedly  until  a  kill  occurs.  Tne  states  are: 

(1)  combat  (contact),  C 

(2 )  No  contact,  C 

(3)  Searching,  s 

(t)  Reclosing  for  combat,  r  . 

Time  is  zero  at  the  beginning  of  the  first  contact  (cctnbat);  all  four 
states  are  randomly  limited  with  continuous  rvrs  defined  as  follows: 


Xc  -  general 

rv 

with 

cf 

of 

pdf, 

Mu) 

X^  -  general 

rv 

with 

cf 

of 

Pdf, 

Xg  -  general 

rv 

with 

cf 

of 

pdf, 

K  ^ 

B 

Xf  -  general 

rv 

with 

cf 

of 

pelf. 

and  where 


Tg  -  time-since-start  to  beginning  of  last  contact  (combat)  period, 
or  last  unsuccessful  round  fired 
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-  time- since-s tart  to  beginning  of  last  no-contact  period 

T  -  tirae-since-start  to  beginning  of  last  search  period 
s 

Tr  -  time-since  start  to  beginning  of  last  reclosing  period 

-  time-to-kill  by  A 
Tg  -  time-to-kill  by  B 


z,w  -  transform  variables  for  tvo-variable  geometric  transforms  (gt) 
Let  J  “  C,  C,  s,  or  r 

^ (z,w,u,y^ )  *  zv  gt  of  ?j(u,y^)  which  is  the  cf  of  the  Joint 
DF  of  Tj  and  the  pdf  of  (time-since  event  J 
last  occurred) 

t  of  where 


^(z,w,u)  » 

5  zv 

*c(u) 

-  cf 

of 

^g(u) 

*•  cf 

of 

».(»> 

■  cf 

of 

i'T  (u ) 

•  cf 

of 

VA(z,w 

,u)  ■ 

!  zw 

firing  by  B,  or  end  of  end  contact)  >  tj 


^  Y^HU/  W  JL»>  TrfllC 

p[t  <  Ta  <  t  +  dt  |  kill  by  A] 


*B(z,w,u)  ■  zw  gt  of  4'B(u)  which  is  the  cf  of 
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Pit  <  Tb  <  t  +  dt  I  kill  by  B] 


©c(z,w,u)  *  zw  gt  of  ©c(u)  which  is  the  of  of 


Pit  <  Tc  <  t  +  dt]  . 


**  C1  “  rA  +  rB  '  rAqAZ  -  ^B^B25 


C2(u)  -  1  -  <l>c{u  +  iC1)  <i»r(u)  ^j(u)  <^g(u) 


.  ©c(z,w,u) 


1  -  C„(u) 


*r(z,w,u,yr)  “  [u(yc)  +  ©c(z#w,u)]e 


-  /QC  ( i)d  i 


*g(s,w,u#yg)  *  [1+  ©c(z,w,u)]  ic(u  +  iC^e 


iuy5"  V 


♦s(»iw»«iy8)  3  Il+  ©c(z,w,u)]  <|>c(u  +  iC^)  <j>g(u)e 


iuys  -  > 


tr(z,w,u>yr) 


©  (z,w,u)  iuy  - !nr  \ ( 6 )d S 


*c(a,w,u) 


(1  -  ^c(n  +  iCx)) 


ic(u  +  iC^)  (<f>g(u)  -  l) 


+  iC^ )  (u )  ( 4>s (u )  -  l) 

*  (z,w,u)  =  - -  *  - j- - 


V 


:W^ 


ti I  Cl'fr' j.  ^A-jrfjiL'llAkV*  tn-l  Litf  i  t'j  <1 l LUlIik  "liiWj 
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v 


tr(z,W,u) 


^c(u  +  iCj.)  ^g(u)  ig(u)  Uy(u)  -  l) 


“c^rr 


iu 


,  ,  ,  .  PaV[*c(u+  tci)  '  11 

p(a)  *a(»,»,u)  -  - c^yau-.-^j - 


P(b)  \|rB(*,w,u) 


pBrBw[Vu^  iCi);  1] 

Cg  (u)(iu  -  C^J 


PArA 


P(A)  «  P(A)  ♦  (1,1,0)  -  - 

A  PArA  +  p£rB 


* 


N.B. : 


(1)  To  get  any  '('(u,y),  ^(u)  or  ©(u),  let  z  »  1,  w  *  1. 

(2)  If  the  cfs  above  arc*  differentiated  k  times,  with  respect 

to  7  and  £  times  with  respect  to  w,  and  then  set  z  •  w  «  0, 
one  obtains  ^(u,y)  cr  or  which  are  the 

cf  s  of  the  probability  functions  defined  earlier  with  exactly 
k  and  l  rounds  fired. 


Sr,  ■ 
G  &  Si 


3.  Four-State  System  with  Limited  Ammunition 

Let  <*»  ned(r^),  X£  ~  ned(rg)  with  the  system  cycles  the  same  as 
in  Section  2  above,  except  limited  ammunition  and  X^  ~  ned(rc), 

X^  ~  ned(r^),  with  A  allowed  K  rounds  and  B,  L  rounds.  The 
superscripts  k, l  denote  k  rounds  fired  by  A  and  l  rounds  fired 
by  B. 
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X  o 


w 


C1  *  (rA  +  rB  +  rC  ■  iu) 

C2  "  (rB  +  rC  '  iu) 

C3  "  (rA  +  rC  "  iu) 

-  (rc  -  iu) 

C5  "  ^Ci^rc  ■  iu^  *  rcr5  Vu^-1 

C6  “  [C2(rc  "  iu)  -  rcr5  Vu) 

c7  «  tc3(rg  -  iu)  -  rcrg  ^>fi(u)  ^.(u)]"1 

Co  =  [^(rg  “  iu)  -  rcrj  <j>s(u)  ^(u)]"1 

^  ^  ^  V  1.  a 


,c,/(u)  ’(  ,  )  (VA)k  <VBji  [(r5  -  lu)c  l10-*1  ,  1  <  k  *  K 

v  1  '  7  1  <  i  <  L 


*'<«>  ■  (re  ’  <Va>k  <v,)'  1  ( K  +  ' ' 1  )  f J 


for  1  <  l  <  L  -  1 


k 

L  \ 


\k+Irf-l  /  \k  /  \L  N 

’  (Va>  <Vb!  L 


i  +  J  - 


C^+1 


for  1  <  k  <  K  -  1 


%LM  ■  (rj  .  Iu)1*1  V/  c7  C1 
♦J5'°(u)  -  (r,  -  lu)K+1  (?ArA)K  Cg  Cj 


i 


0  <  k  <  K 


<£'°(u)  -  (rg  -  iu)1*1  (qArA)k  cf 1  , 


*£'*(«)  ■  Krp  -  iu)Ct.]ifl  ,  0  <  i  <  L 


P(ab)  ^L(u)  -  (rg  -  iu)KfL  (q ArA)K  (qBr£)L 


#°<u>  -  (rg 


v  ri  XJ  XJ 

•$*lrrx&**c; 

C  -  iu)c5 


J  *1 

i  ** 


C 


-ll*  \(e)dt 


>K‘(a)  .  (i^li  _K'V> 


*'<«>  ■  ?r 

V 

*r’/(u^r>  *.(»)  «S,J(.).: 

V 


iuyr-  /0  r  *rU)dfc 


*s  all  k,  l  except 
1  k  *  K  and  /  *  L 


POOM  -  iArA  t*"1’*  ,  k  >  1,  all  / 


P(B.)k,/  *k,i(u)  -  PgrB  ^^(u),  i  >  l,  all  k 


Sr, 

G  &A1 


p(ab)  -  -K  -L 


4 


LA  hB  * 
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On  both  sides,  on  each  round  fired,  either  a  total  miss  or  a  near- 
miss  occurs.  A  near-miss  either  causes  a  displacement  or  a  kill. 
During  a  displacement,  a  contestant  is  under  fire  and  cannot  return 


fire.  let 


XA  ~  ned(rA)  and  X£  ~  ned(rg) 

T'  *  rv  time  for  A  to  displace  arid  resume  firing. 
dA 

Similarly  for  B. 


A2 


TdA  ~  ned(l/ftA)  and  T.  -  ned(l/5g) 

kA  =  PlA  kills  |  near  miss  by  A]  j  Similarly  for  B 
o  ■  P[A  scores  a  near  miss] }  Similarly  for  B  . 

o 


*A°ArA(l  *  °ArAV(l  *  ‘WbV _ _ 

*A°ArA^1  +  °ArA8B^1+  +  VbBA^1  +  ^A^V 


XII.  TIME-OF-FLIGHT  INCLUDED 

Let  TFi  -  rv,  I's  time -of- flight 

T„  -  rv,  i's  time -to- fire  killing  round 


Ti  -  rv, 

i' 

s  time-to-hit 

-  cf 

of 

i's 

pdf  of 

TFi 

*Ki(u)  -  cf 

of 

i's 

pdf  of 

TKi 

^(u)  -  cf 

of 

i's 

pef  of 

Ti 

A,B 
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NC~ DELAY  DUEL 

Each  contestant  fires  as  rapidly  as  possible  (no  waiting  for 
in  air  to  land). 

tfa’tfb 

/  X  pA(^) 

*Ki  U  -  1  »  q^tu)  5  Vu)  "  *Ki(u)  Wu)  5  i  “  A>B 

P(A>  -  *  *  5H  (p)  /I  V-)  Wu)v 
-  m  j[  V->  W«>  f 
■  1  +  m  /„  V-»>  If 
P(AB)  ■  A  <p>  /„  < V-u>  *bw  -  W“>  V-«)i  t 
"  4orU  I*KA<'U)  *e(u)  '  Vu)  V-u»  T 

Example;  Let  XA  ~  ned(rA)  and  XB  ~  ned(rB) 

TFA  ~  ned(l/TA)  and  T  ~  ned(l/0 


round 


P(AB) 


DUEL  WITH  DELAY 


Each  contestant  waits  until  his  last  round  fired  has  landed  before 
he  prepares  and  fires  his  next  round.  The  general  solutions  are  the 
came  as  for  the  no  delay  case  (Section  k,  above),  except: 


*A(u) 


1  '  *FA'U'  Md  *KB^ 


pbVu) 

1  ■  Wu) 


^ :  Det  ~  ned(r^)  and  ~  ned(rg) 

Tfa  ~  ne<2(l/TA)  and  TpB  ~  nedfl/tg)  . 


P(A) 


Va‘Vatb-VbVb 

~  (tb  *  Va\  *  \  *  W,Hw,  -  i  -  rEtB]_ 


(pArATB  -  Wa)2  +  (’’b  +  Va’b  +  tA  +  rBTATB) 
•  iPArA(l+  rBTB)+  PBrB(l+  r^)] 


Ewim^le  2 :  Let  X^  ~  ned(r.)  and  X_  ~  ned(r  ) 

m  B  B 

tea  "  ta  (fixed>  Tpa  «  0 
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P(AB) 


Va(i  '  [-Wa]  > 

rAU  -  qA  «xp  l-PBrBTAJ )  +  PErB 


C.  A  MIXED  PROCEDURE 


Tfa  ■  ta  ,  Tpg  ■  tg  ;  Xa>Xjj  are  rv’s  ,  where  A  uses  the 
delay  procedure  and  B  uses  the  no-delay  procedure. 


Vu) 


^A(tt) 

1  ^A^U^  exp  ^iTA 


W»> 


PB^B(u) 


1 “  Vb^u) 


P(b),  P(Ab)  have  essential  singularities. 


P(A)  '  2H  I 


-iT  U 

•  V->  W“)  u 


du 


Example :  Let  XA  ~  ned(rA)  and  XB  ~  ned(rfi) 


P(A) 


PArAc 


"PBrBTA 


tA(1  -  «A  '’WA)  +  M 


BB 


).  SPECIAL  CASE  WHERE  TIM&-OF  FLIGHT  VARIES  LINEARLY  WITH  TIME 


This  is  a  NO-DELAY  HtOCEDURE,  where  XA>X_  are  rv's  and  T  fT 

A  ±5  KA  FB 


are  linearly  varying  (see  Figure  below  for  TpA  -  t  )  deterministic 
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variables.  A  similar  situation  for  obtains. 

.  Linearly  Increasing  Time-of-Fllght 


a,b,o  are 
arbitrary  constants 


/ 


P(A) 


27Ti 


j: 


'1*U  »XA <->  ‘  V“>  -  11  T 


jl  r 

i  2  J 

4tt  -  00 


•  {exp  [-i  ( 


a  -  b 
m 


)u]  -  1} 


u 


P(B)  is  obtained  by  interchanging  B  and  A  and  replacing  a,b,m  by  say,  c,d,n. 
Example :  Let  XA  ~  ned(rA)  and  X£  -  ried(rB)  . 


P(A)  -  pArA  exp  [-  b  Pgig]  jexp  [-  (  *-=-*  )[pArA  +  (l  +  m)pBrJ]  _ 


*ArA  +  ¥B 


^rA+  (l+m)pBrB  j  ‘ 


1 
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Letting  a  -* 


vn^'-hyi1 

Va  *  11  +  “Vs 


Linearly  Decreasing  Time-of-Fligfrt 


T 


q-b 

-m 


From  Section  1.  above,  P(A)  also  applies  to  this  case.  Just  replace  m 
by  -m.  The  constant  a  must  be  +  or  zero. 

Examples  Let  XA  -  ned(rA) ,  ~  ned(rB) ,  and  a  *  0. 

KA)  -  p.r  .xp  [-bPjP-l-j  «*p  (  l  )  [p.r.  *  (1  -  mJp.r-11 


VA  +  VB  »ArA  +  11 
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kA  kn 

±ia(qA°  C^U)) 


W1  **  « 


Cg(u)  ■  VrWA^  “  qA  C2^u^1j  “  iu’l  * 

Example :  Let  ~  ned(rA)  4  Xg  ~  ned(rg)  „  where  B  has  unlimited, 
ammunition,  and  let 

Cq*  c,  (u))k  -  0 


v**Vt  L 

Vb  +  rWA 

V 

BURST  FIRING 

TIME  BETWEEN  ROUNDS 

IN  A  BURST  IS  A 

RV 

z^  -  fixed  number  of  rounds  i  fires  in  a  burst 
rv,  time  "be  tween-burst  is 


•kjjy 


'i  m 


UV' '"I'.'.lT -'V  'VI ""  i  «•  ■  »’  **  -  i\  tv!--.'.'*- 


. . .»M»Wl.>HW|l»lll.»^l-.tWW*^WW>M»«»WWw.fitWlWwltl 
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TQi  »  tv,  titte-between-rounds  in  i’is  bursts 


^(u)  -  cf  of 
kGiM  -  «f  of  Toi 


where  i  *  A,B. 


*A(u)  « 


pa4a(u)[i-  (lj*akW)\ 

}  -  «Aa(u)]  _X  -  «aA  *A(u)  *0A  <u)_ 


P(A)  “  zn  L  •*<->  V“>  £ 


Example  1:  Let  TA  -  ned(oA)  and  Tfi  ~  nedtpg) 


Iqa  -  n.a(rA)  and  T0B 


ned(rB) 


ZA  ~ 
q.  "  -  0 


end  q.J°  - 


PA°A 


Va+  °A+  Vb*  °8)[rArB(pBrB  4  °A)+  (rB-lrA,%rB0B1 


(  *  (rArB  *  Vb°B>  *  Va°A  ~  VbV _ ) 

(VA°A  -  Vb^  +  <Va*  °A)(W  °B)(VadA+  Vb°b>  | 

+  Va°A(Vb  +  °B)2  +  PBrB°B(pArA  +  °J  ^ 


Example  2  :  B  does  not  fire  in  bursts.  Let  TA  -  ned(p.);  T  ~ned(rA) 

*»  vin 


and  Xj  ~  ned(rB).  Also  let  qAA  ~  0 


iiiiiiHAiaifc.lS'ajSkifi SiaJfc  i 


u 


f 


,-T*,^«^.T?'T'.’r^  f  T»  '  *nvyt 


I 
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«M  „,.»  ._  Va'Wb* 

1  5  P(A)  m  ♦  ViV* ♦ v,i 


\  i-  •. 

fe 


B.  TIME  BETWEEN  ROUNDS  IN  A  BURST  IS  CONSTANT 


_ A  (burst  f Irer ) _ 

Ta  *  rv,  time-betveen  burst# 

tga  ■  time-be  tween- rounds  In  * 
burst  *  &  (constant) 

*  ■  number  of  rounds  in  a  burst 
( fixed ) 


B  (no  bursts) 
*B  "  rv 


fA(t)  -  pdf  of  Ta 
4»a(u)  -  cf  of  fA(t) 


P^A'  "  zn  Jr 


PA^A(-u)[l-q*  exp(-iauz)]  pB^>B(u)du 


L  (l-qA  exp(-iau)Hl-q^A(-u)  exp(-iau(z  -  l))]  (l  -  qB<j»B(u))u  * 


EjgfflEleJ.:  Let  TA  ~  ned(pA)  and  ~  ned(rfi). 

PAoA[i  -  q*  exp  (  -  za  pfirB)] 


P(A)  ■  — 


f’  -  qA  exp(-apBrB))(oA+  -  fa  exp  ( -(t- ifafa 


Example  2 :  Same  as  Example  1,  except  let  a  -  5. 


f(a) 


PA  a  PA^  ~  gxp(-apBrB)]3} 


[1  -  qA  exr  (  -  a  p^)]  { a  p^  ♦  oA  a[l  -  qA(qA  exp  (  -  a  pB  rB)  )2  ] )  ’ 
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Consider  three  dimensionless  parameters: 

(1)  a  (B's  hit  rate  /A's  firing  rate  between  rounds  in  a  burst) 

(2)  a  oA  (A's  rate  between  bursts  /A's  firing  rate  between  rounds 

in  a  burst) 

(5)  Pa  . 

(See  following  plotted  curves  on  next  page).  A5 

XIV.  MULTIPLE  WEAPONS 

A.  VOLLEY  FIRE  (ALL  WEAPONS  FIFED  SIMULTANEOUSLY) 

1.  Unlimited  Ammunition 

Ammunition  fired  in  volleys  of  v  and  w  rounds  by  A  and  B, 
respectively.  Let 

PA  *  P[ Volley  by  A  hits] 

XA  *  rv,  IFT  between  A's  volleys 

dA  ■  P[a  given  round  in  A's  volley  kills  j  A's  volley  hits].  This 
is  the  same  for  all  rounds  in  a  volley  and,  all  are  independent. 

With  similar  notation  for  B. 


where 

[1  -  (1  -  dA)V]PA^A(u) 

1  -  [qA  +  (1  -  dA)V  PaHa(u) 

XA  -  ned(rA)  and  XB  -  ned(r£)  .  Kv&Sl 


A 


Example :  Let 
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MtVtvMl*  IrtUN  i  «■• 1 


r. [1  -  a  l 


pu  -  p^ 


a  Pa“a  V 


i  -  pa  -  PBig  v;  i  i  -  pa  -  Pgdj  w 


-  a  l- 


p(ab) 


___  1  -  Q 

l  -“ad  -  p.d“^7 


l  -  P 

i  -  pa  -  Pgdjj  m) 


B .  MULTIPLE  WEAPONS  -  FIRED  RAMDOMLY 

A  has  k  weapons  with  XAi  ~  ned(rAi)  and  kill  probabilities  pA 

i  *  1,2 ,  •  • « , k 

B  has  l  weapons  with  ~ued(rBj)  and  kill  probabilities  pB 

j  *r  1,2 


P[A  ,  kill  by  1-th  weapon] 


PAi  rAi 


£  PAirAl  +  *  PB J rBJ 


2  pA.  r,. 
i-1  Ai  Ai 


£  P«r«  +  jl'i  PBJrBJ 


If  NAi  -  rv ,  number  of  rounds  of  the  i-th  kind  fired  by  A  in 
making  a  kill,  then 
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e(na1  ,  A] 


PAlrAlj^rAi  Vav  +  £  pb/BJ 


«  p«r« +  A  ^ 


V[NAi  ,  A] 


2rAiPAiqAi  rAi  +  vm^v^  PAvrAv  +  ^  PBjrBJ 


PAirAl  +  ^  PBJrBj 


C.  MULTIPLE  WEAPONS  -  FIRED  ALTERNATELY 


Each  contestant  fires  two  weapons  alternately. 

For  A:  Weapon  1-1^  rounds  fired  each  cycle,  each  with  kill  probability 

PA1  and  IFT  X^ 

Weapon  2  -  kg  rounds  fired  each  cycle,  each  with  kill  probability 
P.o  and  IFT  X,0 


For  B:  Weapon  1  -  rounds  fired  each  cycle,  each  with  p£i  and  IFT 

Weapon  2  -  rounds  fired  each  cycle,  each  with  Pgg  and  IFT  • 

Each  contestant  starts  with  Weapon  1  unloaded. 

(  PA1^A1^U^^  “  ^Al^Al^^  ^  "  qA2^A2^U^  +  PA2^A2^| 


Vu) 


^  qAl^Al  ^  ^ 1"  ( qA2  ^AZ  ^  ^  "  qAl^Al  ^  ^ 


[1  ■  qAl  *  *Al(u)][l  -  qA2  *  *A2(u)]  | 

t1  -  ^qAl  ^Al^^^1  ^qA2  ^A2^U^ 


■jiu'i'iii-  ‘A*.-,  f  -A 


for  *B(u),  replace  A  by  B,  by  4^  and  ^  by  ^  . 


P(A)  « 

1  f  t( 

27Ti  JL  A' 

-u) 

Vu> 

du 

u 

• 

Example 

i;  i*t 

-V 

nedir^) 

and 

XA2  ~ 

nedCr^) 

XB1 

M 

nea(rB1) 

and 

^  - 

nedCrg, ) 

and  Is_ 

■  *1 

-  4, 

u 

-  1  . 

♦  fu)  - 

rAlrA2 

(1- 

Vi’ab 

)  -  i 

PAlrAl 

u 

A  u; 

-vf  -  iutr^  + 

rA2)  + 

rAlrA2  ^  ‘ 

qAlqA2  ^ 

9 

and,  similarly  for  C^Cn). 


(rAlrA2  (1  -  *AlV:  5  [  (rBl +  rBZ  ,2  +  <rAi  *  rAZ  )(rBl  +  rB2  J 
+  rAlrA2<1-«A1«A2)  -  rmrB2(l  '  *B1% 

I+  (rAl+  rA2  +  rBi+  rS>  )[rAlpAl  rBlrB2(l  ‘  ^BX^B2  > 

"  rBlPBl  rAlrA2^  '  qAl5*Z  ^ 

,  _  *  rAXfBl  pAlPBl[rBlrBB(l  ~  <1BlllBg 1  '  zklrX?SX  ~  jAlW] 

|  (r.arA2 (1  -  Vl4A2  >  -  rBlrB2 (1  - 

<  +  (rAl+  rA2)(rEl<-  <BlV  )  +  rAlrA3<1-  W’1 

(  +  rAlrA2<1-«Al,!A2»<‘-Bl+rB2)2+1'BlrK(1-lB15B8,(rAltrAB) 

E3cam2le_2 :  Let  4,  •  »  1,  A  has  only  one  weapon.  Also  let, 
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D.  MULTIPLE  WEAPONS,  EACH  FH>ED  CONSECUTIVELY  UNTIL  FAILURE 
1.  Ammunition  -  Limitation 

Let  A  -  k  rounds  initially  Let  B  -  /  rounds  initially 

-  weapons 

XA  ~  ned(rA) 

*■  time -to- failure,  same 
for  each  weapon  when 
in  use  ~  nedCr^) 

P'A)  ‘  5H  l  V-J  Vu)  f  +  V<0)(1  -  V°)! 

Jj 

P(AB)  -  »A0(0)  *B0(0)> 

where 


-  nig  weapons 
Xg  ~  ned(rg) 

TLB  ”  ned^rLB^ 
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V0) 


V  rA  \  rLA )  /  Va  *  rIA  \ (' 

\  rA  +  rLA  '  V  rA  *  rLA  ' 


.  ,  V  PA  rA 

“  u)  * 


q.  rA  \k 

V  yiu 

V  rA+rT.A-iU/ 


A  LA 


m 

-Im - ) 

+  rn  -  i”  / 


pArA  +  rLA 


/  WrLA-lu 

V  VrIA'1U 


A  LA 


Unlimited  Ammunition  -  Random  Initial  Supply  of  Weapons 


i]  *  a±  ■, 

Z  0  -1} 
i-0  1 

p[Mb  ■ 

•  il  -  P,»  E  P<  - 

J  ^-0  0 

r.ed(rA) 

and 

*B  - 

ned(rB) 

ned(r^) 

and 

tlb  - 

nodCr^g)  . 

jl  r 

ZTTi  JL 

V(-u)  V 

(u)f 

+  V0,tl  ’  V0)1 

•  •*«(©) 

o 

c 

«iP 

pa 
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XV.  MARKOV- DEroWPEWT  FIRE 

See  FD  -•  FIFT  for  notation  (pages  C97  and  98). 

A.  POSITIVELY  CORRELATED  FIRE 

A  fires  with  positive  correlation  between  hits 
B  fires  with  independent  hit  and  kill  probabilities 
A  is  a  three-state  firer»  (H,  HK,  K) 

If  P^  |  H^l  -  pQ  ,  p[Hi  |  H^l  &  Px  ,  pQ  >  px  , 

and 

P[Ki  |  Hil  -  pk,  for  all  i  . 


B  is  the  firer  with  independent  hit  and  kill  probabilities,  i.e., 


P[K±  |  Hj]  «  1  ,  P[Hi]  -  pB  for  all  i  . 


V“> 


PbVu) 


■** 
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A  *  ^A^rAi^^A  "  ^  , 

*****  ***** 

^  *  i-th  characteristic  value  of  A,  \  u  0  >  \  <  0  (i  /  0)  for 
i  "  1,2 , .  . .  ,m  • 


If  A  has  m+  1  linearly  independent  characteristic  vectors,  then 
let  X  be  the  matrix  of  characteristic  vectors  of  A 


x_  be  the  zero-th  row  of  X 


x'  be  the  m-th  column  of  X 
m 


-1 


and  Xq  m  be  the  vector  whose  i-th  component  is  the  product  of  the 


i-th  component  of  x~  with  the  i-th  component  of  x' 

u  m 


For  B: 


Now  let 


Interchange  A  and  B,  m  and  t 

X  and  Y  (for  B ),  x  and  y  (for  b),  E  and  F  (for  B), 
and  A  and  0  (for  b). 

Z  *  an  mx  l  matrix,  whose  ij-th  component  is  (A^/(X^  +  ) 


FD 


P(A) 


1 


T  T 

mA  £  inA®BS  "b  dt  * 


U.  \tffi  W.*r»  m.T^wvr 


Ttjjpwrf;  »- » ttw  P»TVT  ^rrrr.’r?*n-: 


la-si  i?.vr,“w^.^  :’-,L  n  -wr:  t«  "ittxt 
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r"  r“  t  At  t  £t 

J0  Jt  ”&*  AW  s2edtdt 


P(B)  -  1  -  P(A)  . 


2  •  FD  vlth  Fixed  Surprise-Time 

Let  A  have  T  units  of  time  before  B  acquires  A  and  commences 


the  FD. 


[  "*  T  &  r*°r“y£t  ^  Bt(x-'r) 

J0  *VJ,  Jt  »3b dx  dt 


At 

where  Jj?  «  an  mxi  matrix,  whose  ij-th  component  is  (A  e  1  /A  +  0  ) 

J*  *  J 

P(B)  -  1  -  p(a). 


3.  FD  with  Random  Initial  Surprise 


Let  fm  t ) 
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y  ■  an  m  x  /  matrix,  vhose  i^-th  component  is  ^ 


C .  CONTESTANT  FIRING  ORDER  ASP  IFT’S  ARE  MARKOV -DEPENDENT 
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Let  p.  .  «  P[j  fires  next,  given  i  fired  last],  i,J 


the  transition  matrix  ist 


A  ^  Paa 
B  Pea 


M  *AB 


The  IFT  -  XA  if  A  fired  last  , 


if  B  fired  last  . 


Initially,  at  t  ■  0,  start 


A  had  fired  last 


f  Q.»  (u  ) 

^(u,yA)  -|u(yA)  +  — ¥ — [Pm  -  ^b(u)(pmPbb  -  ParP] 


iuyA  *  V  Vt)dt 


„  s  PabWu)  Vt)dt 


f 


Mmaaver-r-;  —r'zz.: 
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tA(u)  -  ^  [paa*a(u?  -  Pb(pm%i  •  PabV  *a(b)  Vu)]' 

♦B(u)  -  ^Pa^PAB  where 

w  -  1  -  »M«A*A(u)  -  Pbb«bVb)  ♦  4a«B(PaApBB->'aBPBA>  Vu)  Vu) 

,  .  .  PAlpM  -  ^e^aaPbb  -  PasPba11 

1  "  VAA  "  4bPbB  +  ^A^B^PAA^BB "  PAB^A 


P(B) 


_ PBPAB _ _ _ 

1  ‘  qApAA  “  qBPBB+  ^A<*B^PAAPBB  “  JJaAaT 


D.  MULTIPLE  WEAPONS 

Each  Contestant  has  Two  Weapons  »  Fired  in  a  Randan  Markov- 
Dependent  Order 

_ B _ 

DT-J!B1'  % 

•*K«  Pffi 


A 

Weapon  1: 

^  ‘XA1' 

PA1 

2: 

-XA2' 

PA2 

Weapon  Firing  Order  Transition  Matrices 


Q  « 

1,2 

P[A  fires 

weapon 

i  next  1 A  fired  weapon  J  last],  1,2 

1 

2 

1  2 

1 

V  m 

/'  an 

°12  \ 

T  m 

1  ( 

pu  pi2  \ 

g 

^  °21 

°22  ' 

in 

2  \ 

■  ^21  hz 

In  each 

case,  firing  starts  with  weapon  1. 

If 

Bhj(l) 


•1,2 
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c  •  1-*nan  *Ai(u)*'»A2c%2^'l)"*AiV(Qii022  -  VW  Vu)  *A2(u) 


Vu> 


^  (u ) 

~ C  _PA1  +  ^pAl^A2°22  “  *111**2^2^  ^A2^_  * 


and  similarly  for  B. 


P(A)  ■  Sii  L  V-“>  Vu)  T  • 


Example :  Let  ~  ned(r^)  and 

~  ned(rA2  )  and 


XB1  -  nea(rB1) 


C1°Z  '  1  pAlrAl  « 

Vu)  ■  -  iu)(c2  -  i»)  * 


where 


C1  +  C2  ■  rAl(l  "  «Al°il)  *  rA2(l  -  qA2° 22  J 

C1C2  “  rAirA2 ' 1  *  qAlQU  "  qA2°22  *  qAl012  ^aU°22  "  ai2°fel^ 

B  is  obtained  similarly  by  replacing  C,  with  D,  d^ . 


[(tl^*V  a2,tpAlrAl  Vz  -  PBlrBl  *  cl®2  ^1  +  V1 
I _ 1  ^  -  A1^2  )(c1c2  •  pAlrAl  P31rBl > _ 

J(cic2  -  *&?  +  <Cj. +  c2)(a1  ♦  ajX^Cj  +  djdg)  -I 

*•  +  V2(ll*  *  ^('i*  =2>2  -* 


C2J2 


XdlWCH 


Let  XA  ■  ax  (fixed)  and  -  a  rv ,  tl 


P(A)  - 


Example 

P(A) 

where 

JL_  _ 

al 


i  ♦  A  w  j[I  v->  v«>  ¥ 

gfe  /L  V->  V«>  V 

3_  f  pA  exp  (  -  ia1u)  p^gCuJdu 

27Ti  Jl  [1  -  qA  exp  (  -  1  ^  u)j  [1  -  qfi  i 


:  Let  ~  ned(r£)  . 

PAexp  (  -a1  Pgfg) 

1  -  »A  exp  Pjrj) 


Plots  of  this  expression  are  given  below 


Fire 


